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FOREWORD 


I like Dr Pirenne’s book on the X-ray and Electron diffraction 
of free molecules for several reasons. 

It contains all essential information about a subject intimately 
connected with modern advances of our understanding of mole- 
cular structure in a mere 150 pages. 

Consistently the theoretical development is logically followed 
through from its first beginning to the very end, without insisting 
on mathematical details, but always leading to the point where 
the actual magnitude of the effect is evaluated. 

Nowhere is the experimental evidence neglected or the practical 
side treated superficially and at every occasion the theory is put 
to the test by confrontation. 

P. DEBYE 

C O R N E L L U N I V E R H I T Y 

Ithaca, N.Y. 

April 1940 



To 

My Father and Mother 



PREFACE 


The study of the diffraction of X-rays by gases is essentially the 
microscopy of isolated atoms and molecules. It gives information 
about the distribution of negative charges in these particles and 
consequently can determine the relative position of the atoms in a 
single molecule. 

Although the general theoretical basis of the method was given in 
1915 by Debye, positive experimental results were not obtained 
until 1928. The historical development of the method shows a 
harmonious interplay of theoretical and experimental investiga- 
tions. The theory of the scattering of X-rays by free molecules 
is fundamentally a classical problem of light interference, but no 
satisfactory agreement with observation can be arrived at without 
making use of the quantum theory. 

This monograph is intended primarily to give an account of the 
theoretical basis of the study of X-ray diffraction by gases and of the 
information it has yielded about the structure of atoms and mole- 
cules. But it would not be complete without taking into considera- 
tion the diffraction of fast electrons by gases, which is based on 
the same principle as the X-ray method. Again, the scattering of 
X-rays by atoms in crystals is discussed in relation to the scattering 
by free atoms, and the chapter on intermolecular interferences in 
gases is completed by a consideration of the diffraction of X-rays 
by liquids. 

The chief aim is to give fundamental ideas and experimental 
results. Special attention has been paid to the hypotheses and 
principles underlying theories, as well as to their limits of validity. 
Mathematical formulae and numerical data of importance have 
been included, but extensive mathematical developments of the 
theories have generally been omitted, the reader being referred 
for them to the original publications. 

It is therefore hoped that this work will be useful to all those who 
are interested in the properties of molecules and atoms, and that it 
will be of practical assistance to those doing experimental research 
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in the field of molecular physics. A complete bibliography of the 
original literature has been attempted for X-ray diffraction by 
gases, but not for electron diffraction, which has already been 
extensively reviewed, or for fields such as X-ray diffraction by 
liquids, where significant references, however, have been chosen. 

It gives me great pleasure to record here my thanks to Professor 
P. Debye for his interest in this work and his invaluable assistance, 
as well as for his hospitality at the Max Planck Institut at Berlin- 
Dahlem where, in 1938, the major part of this monograph was 
written. I am also much indebted to Dr L. Bewilogua of the same 
Institute for putting at my disposal his experience in the field of 
X-ray diffraction. 

I am glad to express my gratitude to Professor L. D’Or and to 
the late Professor V. Henri, who initiated ray work in this field 
when I was a student at the University of Liege. I am indebted to 
Dr K. J. Laidler and Dr D.P. Riley who corrected the English of the 
manuscript, and to Mr A. Maccoll who read the book in proof 
stage. 

My thanks are offered to the Editors of the journals listed 
below for permission given to make use of figures and of a table. 
The exact reference will be found in each case printed with the 
figure: Helvetica Physica Acta , Journal of Chemical Physics , Philo- 
sophical Magazine , Physical Review , Proceedings of the Cambridge 
Philosophical Society , Proceedings of the Royal Society , Reviews of 
Modern Physics. 

I am very grateful to Professor E.K. Rideal and to the Syndics 
and Staff of the Cambridge University Press for their never-failing 
help in the preparation of this book for publication under war- 
time conditions. 

The Royal Institution 
London 
April 1946 


M. H. P. 
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LIST OF IMPORTANT SYMBOLS 


6 scattering angle, i.e. angle between incident ray and scattered 
ray. The angle 6 used in X-ray and electron diffraction by gases 
is equal to the X-ray crystallographer’s 20. 

I Q primary intensity. 

I s scattered intensity. 

I e X-ray intensity scattered by an electron according to classical 
theory. For unpolarized primary realization I e is given by 
equation (3). 

R distance to the scattering molecule. 

A wave-length. A (e.g. in the universal variable (sin^0)/A) is 
expressed in A. 

A. Angstrom unit; 1A. = 10~ 8 cm. 

v frequency. 

a e = 2*81 x 10~ 13 cm. is the classical radius of the electron, 
equation (2). 

a R = 0*53 x 10 -8 cm. is the ‘radius’ of the hydrogen atom, 
equation (13). 

a Thomas -Fermi characteristic radius of the atom for coherent 

radiation, equation (18). a is also used to represent a length 
characterizing the dimension of an imaginary atom, equa- 
tion (62). 

b Heisenberg-Bewilogua characteristic radius of the atom for 

incoherent radiation, equation (27). 

l tj distance between the points, or atoms, i and 

k = 27t/A. 

s =2 sin \6 ( s is also used to represent the e screening constant ’ 
of an atom). 

*y = kshj = Anl ij (sin \6)jX . 

Z atomic number. 

/ atomic scattering factor for X-rays, equation (9). 

F atomic scattering factor for electrons, equation (47). 
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LIST OF IMPORTANT SYMBOLS 


S incoherent scattering function according to Heisenberg- 
Bewilogua, equation (30). 

Q relativity correction factor for incoherent radiation, equation 
(38). 

V total volume. 

D volume occupied by the particles contained in V. 

W probability distribution function for a monatomic liquid. 
e~ A ij correction factor for thermal vibrations in a molecule, 
equation (84). 

D ‘density function’ of a molecule, equation (98) or (100). 

h Planck’s constant. 

— e charge of the electron, 

m mass of the electron at rest, 

c velocity of light. 

/ 1 linear absorption coefficient. 

The table of ‘Atomic scattering factors/’ computed by James 
and Brindley (K)9) is reproduced at the end of this book (Table VIII, 
p. 145). Tables of ‘X-ray emission spectra and absorption edges 5 , 
and of ‘Absorption coefficients’ will be found in the second 
volume of the International Tables for the Determination of Crystal 
Structures (IM). They are also given in the books by Bragg ( 18 ) and 
by Compton and Allison ( 28 ). A four-place table of (sin x)jx has 
been computed by Sherman ( 156 ) and is also reproduced in the book 
by Randall ( 149 ). 
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CHAPTER 1 


COHERENT SCATTERING 

CLASSICAL THEORY OF SCATTERING BY ELECTRONS 

In his book, published in 1903, on the Conduction of Electricity 
through Oases , Sir J. J. Thomson develops a theory of the radiation 
which is scattered when an X-ray beam passes through matter. 
A section entitled ‘Theory of the secondary radiation’ begins as 
follows : ‘ The secondary radiation is readily explained if we take the 
view, which we shall discuss later, that the Rontgen rays consist of 
exceedingly thin pulses of very intense electric and magnetic force. 
Let us suppose that such a pulse is travelling through a medium 
containing ions — it is not necessary that the ions should be free: 
when the pulse reaches a charged ion the ion will be acted on by 
a very intense force and its motion accelerated. Now when the 
velocity of a charged body is changing pulses of electric and mag- 
netic force proceed from the body, the magnitude of these forces 
being proportional to the acceleration of the body: thus while the 
primary Rontgen pulse is passing over the ion and accelerating its 
motion, the ion gives out a pulse of electric and magnetic force — 
the secondary Rontgen pulse — the secondary pulse ceasing as soon 
as the acceleration of the ion vanishes, i.e. as soon as the prima^ 
pulse has passed over.’t The above statement constitutes the basis 
of the classical theory of X-ray scattering. 

An isolated electron. Let us consider an electrically charged 
particle which is free, that is, which is so weakly bound that its 
proper period of motion is very great compared with the vibration 
period of the incident ray. Under the influence of electromagnetic 
radiation, such a particle oscillates at the same frequency as that 
of the radiation. It thus constitutes an oscillating dipole of the type 
studied by Hertz, and therefore emits secondary radiation of the 
same frequency as the primary radiation. The amplitude of the 
secondary radiation is inversely proportional to the mass of the 


PD 


t See (163), 1st ed. p. 268. 
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particle. Accordingly, particles other than electrons play only a 
negligible role in X-ray diffraction. For instance, since the intensity 
is proportional to the square of the amplitude, the radiation scat- 
tered by a proton is (1S46) 2 times weaker than that scattered by an 
electron. 


Z 



For primary radiation polarized in the plane XOZ and travelling 
in the direction XO (Fig. 1) it may be calculated* that the angular 
distribution of the intensity scattered by an electron situated at 
O is given by 2 

l a = ( 1 ) 

where I 0 is the primary intensity, <j> the angle between the scattered 
ray and the direction OZ , R the distance from the observation 
point to 0, and e 2 

a e = = = 2-81xl0~ 13 cm. (2) 

e me 2 v ' 

is the classical radius of the electron, — e being the charge of the 
electron, m the mass of the electron and c the velocity of light. 
Fig. 1 gives a vectorial representation of this intensity distribution. 
The intensity is zero in the directions OZ and OZ', because an 
oscillating dipole does not radiate energy along its axis. 

t See (163), 3rd ed., vol. 2, p. 256. 
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For completely unpolarized primary radiation travelling along 
X'O (Fig. 2), the distribution of the scattered intensity I e is given by 

r r ®e 1 + COS 2 6 
±e ~ J 9 2 2 * 


where 6 , the scattering angle, is the angle between the scattered 
ray and OX, the direction of the primary ray.t The intensity dis- 
tribution here is symmetrical around the direction of the incident 
radiation. Normal to the primary direction ( d = \rt), the scattered 
radiation is completely polarized and its intensity is reduced to 
one-half of its value in the OX direction (6 = 0). The numerical 
factor |(1 + cos 2 0) is called the polarization factor. 



Fig. 2. 


A rigid system of free electrons. The radiation scattered by 
an electron has the same frequency as the primary radiation and 
the phase difference between the two is therefore constant. Scat- 
tering of such a kind is said to be coherent , When several electrons 
scatter X-rays simultaneously, interferences must therefore be 
expected between the secondary rays originating from the different 
electrons. The intensity scattered in any direction is not simply the 
sum of the intensities scattered individually by each electron, and 
the intensity distribution is not given by formulae of types (1) or 
(3), as was at first supposed. For example, in the direction of the 
primary ray (d = 0), there is no phase difference between the rays 
scattered by the different electrons, and all the amplitudes are 
additive, so that the intensity becomes proportional to the square 

+ The scattering angle 6 used in X-ray and electron diffraction by gases is equal 
to the X-ray orystallographer’s 26, 



4 


COHERENT SCATTERING 


of the number of electrons, n 2 , and not simply to n. In fact, the 
existence of ‘excess scattering’ in the forward direction yas early 
recognized (Fig. 3). 



Fig. 3. Angular distribution of the scattering of X-rays by filter paper. 
(After Owen (135).) 


In 1915 Debye (32) investigated theoretically the scattering of 
X-rays by a rigid system of electrons (or of any diffracting points) 
which takes successively all possible orientations in space. It is 
clear that if a rigid system of electrons is placed in a given position 
in an X-ray beam, it must produce an interference pattern which 
can be received on a screen, in the same way as a system of small 
apertures gives with visible light the interference patterns of 
Young. If the system of electrons is a gas molecule, however, such 
interference patterns have so short a duration that they cannot be 
observed. It is possible to observe only the resultant intensity 
scattered over a period of time, during which the molecule has taken 
innumerable different positions relative to the primary beam. The 
problem therefore is to calculate the mean intensity scattered by the 
system of electrons for all possible spatial orientations, the structure 
of the system remaining invariable. This calculation must show 
whether the instantaneous interferences vanish from the observable 
average pattern, or not. In the calculation the system of electrons 
is taken to be rigid, that is, the mutual distances of the electrons 
remain constant. The electrons, nevertheless, are considered to be 
free as far as X-ray scattering is concerned. First, the intensity 
scattered by the system at an arbitrary orientation relative to the 
incident radiation is calculated. Secondly, the mean intensity is 
calculated, all orientations being considered equally probable. 
Debye’s fundamental result is that the interference effects do not 
entirely cancel out in the mean intensity. On the contrary, they 
effect strongly the angular distribution of the mean scattered in- 
tensity, which is given by the calculation as a function of the 



COHERENT SCATTERING 


5 


distances between the various electrons which make up the rigid 
system.* Notwithstanding the complete absence of any preferred 
orientation of the system of electrons , therefore , the observable diffrac- 
tion pattern shows strong interference effects , and the distribution of 
intensity in this pattern is determined by the structure of the rigid 
system of electrons . 

As a concrete example, Fig. 4 represents a system of two elec- 
trons A and B kept at a constant distance l apart and diffracting 
a beam of X-rays travelling in the direction of the arrows; p is 
a photographic film receiving the secondary radiation. For any 
arbitrary orientation of AB the difference of phase at P x and P 2 



between the secondary rays issuing forth from A and B is in general 
not the same. Thus the resulting amplitudes, and intensities, are 
different at different points of the photographic film p. Dark and 
bright interference fringes appear on the latter. Now the system AB 
is placed successively in all possible orientations relative to the 
primary beam, For each orientation a new system of fringes is 
produced. The images of * all these interference patterns become 
superimposed on the film. What is shown by the above calculation 
is that the resulting darkening of the film, far from being uniform, 
will present maxima and minima of intensity. 

This is the basis of the method of diffraction of X-rays (or elec- 
trons) by gases.* For a system constituted of the electrons 1, 2, 

+ For the special case of a diatomic molecule, a paper along the same lines was 
published simultaneously by Ehrenfest (66). 

* A simple treatment of the problem will be found in Debye (48). 
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i, and for unpolarized radiation of wave-length A, the 

mean scattered intensity / s is, according to Debye (32), 

sin 

a 2 1 -f cos 2 (9 


Iq m 2 


-SS- 


. / , sin£0\ 

m A~/ 

. 7 sin iO ’ 
tnlii—j- 


(4) 


where ly is the distance between electrons i and j, and the other 
symbols have their usual meaning. Using equation (3) and putting 


equation (4) can be written 


sin \Q 
hi ~ * nl i} X ' 

n 

(5) 

= / 

i j X ij 

(6) 


If I e is taken as the unit of intensity, that is, if the intensity is always 
compared with that which a Thomson electron would scatter under 
the same conditions, I 8 jl e becomes a function of (sin^(9)/A only, and 
not of 6 and A separately. For a given system of electrons, intensity 
distributions Ijl e corresponding to different wave-lengths A are 
therefore all represented by one and the same curve when they are 
plotted against the universal variable (sin|#)/A. This method of 
representation, which is very convenient because it allows one not 
to take the polarization factor ^(1 -fcos 2 0) explicitly into account, 
will be extensively used. 

As an example, equation (6) may be developed for the case of 
a system of two electrons which remain at a constant distance Z 
apart from each other. Since there are two electrons, 1 and 2, the 
term SS is written 

sin x n sin x 12 + sin x n sin x 22 
X 11 X 12 X 21 X 22 

It is obvious that Z 12 = Z 21 = Z, and Z n = Z 22 = 0. Taking (sin x)jx = 1 
for x = 0, then 



where x = 4nl(sin%d)/A. 

To make the point clear, the elementary derivation of formula (7) 
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is given here. The primary radiation is travelling along Y'A (Fig. 5). 
The two electrons are A and B. The observation point P is in the 
plane XY. The other data are shown in the figure. First, the 
intensity of the scattered radiation at P will be calculated with the 
system AB immobile. The problem is to determine the phase 
difference, at P, of the rays emitted by A and B , and this is equi- 
valent to determining the difference of optical path 8: 

8 = HB + BP-AP. 

The wave-length A is of the order of Z, which is itself very small 
compared to P; under these conditions a* brief calculation gives 

8 = 21 sin \d sin oc cos (<f> -f \6). 


z 



Fig. 5. 


The amplitude of the resulting vibration at P is proportional to 
cos ( 7 t8/A), and according to the above argument, the resulting 


intensity I 8 is 



(7a) 


This intensity function is the analytical description of the instan- 
taneous diffraction pattern mentioned above in connexion with 
Fig. 4. It is a function not only of the scattering angle 6 , but also 
of the angles a and that is, of the orientation of AB relative to the 
primary beam. The same is, of course, true of the corresponding 
amplitude. 

The mean of I s must now be taken giving an equal probability to 
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all orientations of the system AB. The surface element of the sphere 
is sin adocd<f> ; hence the mean value of cos 2 (ttS/X) is given by 


— JJcos 2 |27r^sin^0 sin a cos(^ + |#)j sinadad^. 

The integration is performed by making a change of variable, 
0 when the mean scattered intensity is found to be 


^ = 2 1 +. 


. / sin WV 
sin 

. .Bin id 
4 nl — 

A 


( 8 ) 


which is identical with (7). 



Fig. 6 represents the ratio IJI e of equation (8) or (7), as a function 
of x. For very small values of (sin|0)/A, that is, for long wave- 
lengths A and small scattering angles 6 , I 8 tends to 4/ c ; the intensity 
is proportional to the square of the number of electrons which here 
is 2. On the other hand, for large values of (sin id)j A, that is, for 
short A and large 6 , 1 8 tends to 2/ e , which is the sum of the intensities 
of the radiation diffracted by two separate Thomson electrons. In 
order to study atoms and molecules, the dimensions of which are 
of the order of one Angstrom unit (1 A. — 10~“ 8 cm.), the conditions 
must be chosen so as to get as many interference maxima as possible. 
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The values of 6 are limited to 180°, but the wave-length A can be 
varied: it must be of the order of 1 A. Fig. 7, which represents IJI e 
in polar coordinates for the particular case where A = Z, shows that 
the angular distribution under these conditions is already very 
different from that of a single Thomson electron. 

For a system of n electrons, n 2 terms ij appear in the double sum 
2 £ of equation (6), among which n terms only are equal to unity, 

2 j 

because for them i — j. When the number n of electrons increases, 
therefore, the relative importance of the periodic terms in equation 
(6) increases also. For n larger 
than 2, the curve no longer has 
necessarily the regularity of 
Fig. 6, as it is the result of the 
superposition of a number of 
(sin x) jx terms having in general 
different periods. 

The systems of electrons 
studied above are imaginary. 

The principle of the theory nevertheless holds for actual molecules, 
as will be seen later, the atoms forming the molecule being taken 
as the diffracting centres. 

The diffraction of X-rays by the electrons of actual atoms will 
now be considered. Although in fact the classical theory does not 
represent accurately the scattering of X-rays, the classically derived 
intensity I e will be retained as a convenient unit. 

COHERENT SCATTERING BY ATOMS 

Definition of the atomic scattering factor. The atomic 
scattering factor f of an atom is the ratio of the amplitude A $ of the 
radiation scattered by the atom to the amplitude A e of the radiation 
which an electron would scatter under the same conditions according to 
the classical theory . It is a numerical factor which gives, in Thomson 
units, the efficiency of the atom as a scattered of X-rays: 

A s = AJ. 

t Coherent scattering alone is considered here. 



(9) 
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The intensity scattered by an isolated atom under given con- 
ditions is therefore (for unpolarized primary radiation) 

/* = 4/ 2 . (io) 

Unless the atom possesses spherical symmetry, the amplitude 
A s and the factor /depend, not only upon d and A, but also upon the 
orientation of the atom relative to the primary radiation. Such, for 
instance, would be the case for an atom containing the system of 
two electrons studied in the previous paragraph. If such an atom 
were a gas atom, one would observe only the mean value of the 
intensity I s of equation (la) or (10), and this mean intensity, as has 
just been seen, is given, according to Debye, for formula (8). It 
may be pointed out that, knowing only this mean observable in- 
tensity I 8 , it is clearly impossible to derive from it the value of the 
scattering factor /. Such an operation is possible only when the 
atom is spherically symmetrical; then I s — / s and / can be derived 
from equation (10). 

Now Bohr ( 13 ) in 1913 proposed for the helium atom a model 
similar to the above system of two electrons, and this model can 
therefore be tested by comparison with the results of X-ray dif- 
fraction by helium gas. The two electrons of the helium atom ac- 
cording to Bohr would move in the same orbit, always remaining at 
the opposite ends of a diameter of 0-63 x 10 ~ 8 cm., with a frequency 
of the order of that of visible light. Fig. 8 compares the angular 
distribution of intensify calculated by formula (8) for l = 0*63 x 10~ 8 
cm., with the distribution measured experimentally. The dis- 
agreement is striking, and the model suggested for the helium atom 
therefore cannot be accepted. 

This discrepancy is not peculiar to the helium model. No model 
which represents an atom as a planetary system of point electrons 
moving in orbits around the nucleus has been brought into agree- 
ment with experimental data. On the other hand, the new quantum 
theory, which has radically changed ideas on atomic structure, is in 
excellent agreement with the measurements, as is shown for the 
case of helium in Fig. 8. According to the new theory the electronic 
atmosphere of the atom is diffuse, the electrons being distributed in 
a continuous ‘charge cloud’. This conception arises from Schro- 
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dinger’s theory, which implies Heisenberg’s uncertainty principle, 
according to which there is no possibility of determining exactly 
both the position and the velocity of an electron. At any point there 
is an ‘electron probability density’ p, which, according to Schro- 
dinger , is equal to the square of the wave-function Each volume 
element dV of the electron atmosphere is considered to scatter 
X-rays in the same way as a particle of charge —pedV = — ij/ 2 edV 
( — e electron charge) would scatter according to the classical theory. 



Fig. 8. Experimental and theoretical X-ray scattering functions for helium. 

(After Wollan(178).) 

The broken line which has been added in the present figure represents the 
scattering function calculated for the old helium model of Bolir. 

According to wave-mechanics, the electron distribution of some 
atoms, as for instance the helium atom, is spherically symmetrical, 
and the electron distribution of many other atoms can be con- 
sidered to be so without great error. In such cases, the question of 
the orientation of the atom relative to the primary radiation, of 
course, does not arise; the mean intensity scattered by a gas atom is 
given directly by equation (10), where / depends upon 6 and A only. 

When the electron density probability p is a function p(r) of the 
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distance r to the atom centre only, the atomic scattering factor /, 
according to the classical theory (44), is given by 


/ = Jo P (r ) 4777,2 -|“7 - dr > ( 1 1 ) 

where k = 27t/A and s = 2sin|#! This equation is therefore the 
analytical expression of the amplitude A s which results from the 
combination of the amplitudes scattered by all the various volume 
elements of the charge cloud of the atom, the amplitude A e scattered 
by a Thomson electron being taken as unity. Thus, in the case of a 
spherically symmetrical electron atmosphere, the atomic scattering 
factor / = A 8 /A e is a function of ks , or of the universal variable 

(sin \6)jX. When (sin W)jX is small, / tends to the value p Anr^dr, 

Jo 

which is equal to the total number of electrons in the atom. 

The calculation of atomic scattering factors depends upon the 
knowledge of the function p. The simple case of the hydrogen atom 
will be considered first. 

Hydrogei; atom. Schrodinger’s equation can be solved for the 
hydrogen atom. The wave-function for the normal state is 


where 


— 


f = 

h 2 

4n 2 me 2 


g— r/a H 

V(t™h) 


= 0-53 x 10~ 8 cm. 


(12) 

(13) 


is the ‘ radius 5 of the hydrogen atom and h is Planck’s constant.* 
The electron density probability p is therefore 


p = ijr 2 ~ 


g-2rja u 



(14) 


and the atomic scattering factor / H can be calculated using the 
general formula (11), the result being 

= + (l6) 
Pig. 9 represents, as functions of r, the wave-function the 


+ See e.g. (77), 



U electrons per atomic unit a H 



r in atomic units a 3 — 0*53 x 10" 8 cm. 

Fig. 9. The functions ft, ft 2 and U = 4 nr 2 ft 2 for the 
hydrogen atom in the normal state. 
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electron density probability p = ft 2 , and the electron radial dis- 
tribution U, defined by the equation 

U(r) — 4tnr 2 p{r). (16) 

The density p is greatest near the nucleus and falls away as the 
distance r increases. The quantity U(r)dr is the ‘number 5 of elec- 
trons contained between two spherical shells of radii r and r + dr 
having their centres at the nucleus; the function U has a maximum 
for r — a H . 



Fig. 10 represents the atomic scattering factor / H , and its square 
/h, plotted against (sin|0)/A. In the direction of the primary 
radiation an isolated hydrogen atom scatters like a Thomson 
electron, but as 0 increases, the intensity decreases rapidly, unless 
the wave-length A is very large. This is due to interferences arising 
in the electron atmosphere of the atom itself. For the Kcl radiation 
of copper (A = 1*54 A.), and for 6 = 90°, which corresponds to 
(sin|0)/A = 0*46, = 0*01, which means that the intensity is a 

hundred times less than that which an electron would scatter 
classically. For very short wave-lengths, the H atom scatters prac- 
tically no coherent radiation, except in directions very close to that 
of the primary radiation. 
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Other atoms. For many-electron atoms, Schrodinger’s equation 
is too complicated to be solved exactly, and one must there- 
fore resort to approximations of the electron distribution. The 
simplest of these approximations has been given independently 
by Thomas (i6i) and by Fermi (75). 

The method of Thomas and Fermi. According to Thomas and 
Fermi ( 161 , 75), the Z electrons of an atom are considered as con- 
stituting a gas which is kept in equilibrium around the nucleus as a 
result of (a) the attraction between nucleus and electrons, (b) the 
repulsion between electrons and electrons, and (c) the kinetic energy 
of the electrons. The density of this gas is extremely great and con- 
sequently the zero-point energy of the electrons is considerable, so 
much so that their thermal energy is generally negligible in com- 
parison. At ordinary temperatures this gas is therefore considered 
to be in a state of complete degeneracy: the kinetic energy of the 
electrons is taken as equal to their zero-point energy, and instead 
of using Boltzmann statistics as for ordinary gases, Fermi statis- 
tics (74) are used. These statistics are founded upon Pauli’s exclusion 
principle, according to which two equivalent elements in a system 
cannot have all their quantum numbers correspondingly the same. 
It follows that at the absolute zero, instead of lying all on the lowest 
energy level, the Z electrons are distributed on the Z lowest levels, 
taking into account the existence of the spin. The result of this 
treatment is a spherically symmetrical electronic atmosphere,* the 
electron density p being 


where 


Z Mx)\i 

P 4na 3 \ x ) ’ 

(17) 

o-s cm . 

\32jt7 2 me 2 Z* ’ 

(18) 


a is the characteristic radius of the atom of atomic number Z\ 
x =s= rja , r being the distance to the atom centre; <fi(x)/x is the 
electrical potential in the system, measured in Z e/a units. 

The function <f) has been numerically calculated by Fermi (75); 


t It may be remarked (44) that this method corresponds exactly to that used by 
Debye for the study of the ion clouds in solutions of electrolytes, the only difference 
being that for solutions the ordinary Boltzmarm statistics are used, while for 
electrons total degeneracy occurs and Fermi statistics are used. 
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p is therefore known and, using formula (11), the atomic scattering 
factor has been obtained (44). A numerical table of 

0 = |, (19) 

as a function of the variable n 

1 A sin 4# 

u = ksa = 4zra — ~ (20) 

A 

has been computed (10) and is reproduced here (Table I). For any 
atom, the characteristic radius a must be determined according to 
equation (18), and the universal function 0 multiplied by Z then 
gives the value of the atomic scattering factor / as a function of 
(sin|#)/A. Fig. 11 represents the functions 0 and 0 2 . The intensity 
scattered by an isolated atom is (Z0) 2 I c . It is seen that / = Z for 
6 = 0. As 6 increases, the intensity decreases, the more rapidly if A 
is small and if a is large, that is, if Z is small. The larger the electron 
atmosphere compared to the wave-length, the more important are 
the destructive interferences occurring inside the atom. 

Table I. Coherent scattering function according to Thoynas-Fermi. 

(After Bewilogua(io)) 


u — ksa 

*=//« 

u — ksa 

II 

N 

u — ksa 

K-fjZ 

000 

1000 

1-09 

0-422 

2- 17 

0-224 

0*16 

0-922 

1-24 

0-378 

2-33 

0-205 

0-31 

0-796 

1-40 

0-342 

2-48 

0189 

0*47 

0-684 

1-55 

0-309 

2-64 

0-175 

062 

0-589 

1-71 

0-284 

2-80 

0-167 

0-78 

0-522 

1-86 

0-264 

2-95 

0-156 

0-93 

! 

0-469 

1 

2-02 

0-240 

3-11 

0-147 


It is obvious that the Thomas-Fermi method does not reproduce 
exactly the details of the electron distribution in atoms, since no 
account is taken of the different K, L,M, ... electron shells. It gives, 
nevertheless, a good approximation for heavy atoms in which the 
individual peculiarities of the shells are to some extent averaged out 
in the dense electronic atmosphere. Its advantage lies in the fact 
that it gives a general treatment applicable to all atoms. In order 
to attain a higher accuracy, the case of each particular atom 
must be treated individually. The Thomas-Fermi method is only 
applicable to neutral atoms. + 

The method of Hartree. As an approximation to the solution of the 
Schrodinger equation for atoms containing several electrons, 
+ For a relativistic treatment of the Thomas-Fermi atom, see (166). 
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Hartree(9i) has introduced the method of the ‘ self-consistent field’, 
so called because it consists in finding a field of force which can be 
reproduced from the total distribution of charge given by the 
characteristic function of each electron in the field. The method is 
one of successive approximations. The distribution of charge in the 



self-consistent field is probably the best approximation to the actual 
distribution of charge in the atom which can be obtained without 
very much more elaborate theoretical and numerical work. An 
improvement of the method was made by Fock(76), who showed 
how the exchange phenomena between the equivalent electrons can 
be taken into account. t Dirac (62) has shown by what approximations 

t This correction does not appear to have a great importance for the computation 
of the atomic scattering factors; see e.g. (92). 
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one can pass from the Hartree to the Thomas-Fermi model, and 
has given the theoretical justification of the latter model, showing 
what correction must be made in it to allow for exchange pheno- 
mena. Hartree’s method allows the computation of the electron 
distribution in ions as well as in neutral atoms. 



Fig. 12. Radial distribution of the different electron groups in the K + ion. 

(After James (111).) 

Fig. 12 represents the radial distribution 17, equation (16), of the 
various electron shells of the K + ion, calculated by Hartree’s method. 
Fig. 13 represents the contribution per electron of these different 
shells to the atomic scattering factor. The contribution of the 
electrons of the compact K shell remains important at high values 
of (sin \0)jX and differs little from that of Thomson electrons, but it 
is far from being so for the other shells. For the M shell, which is 
much less dense and of much larger dimensions, the curves fall off 
rapidly and the ordinates can even become negative. The inner 
electrons therefore play a predominant role in the scattering of 
X-rays, the scattering being almost exclusively due to the K elec- 
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irons for large values of (sin \0)jX. This is fortunate, in view of the 
fact that the distribution of the inner electrons is more accurately 
knoWn than that of the outer, so that the uncertainty about the 
latter does not much matter. 

The computation of the self-consistent fields requires a consider- 
able amount of work. A table (reproduced on page 145) of scattering 
factors according to Hartree has been constructed by James and 
Brindley 009), using an interpolation method for atoms whose self- 



(sin £0)/A 


Fig. 13. Contribution to / of one electron in each of the electron groups of K+. 

(After James and Brindley (109).) 

consistent fields had not been calculated. For Z greater than 20, 
however, the interpolation method cannot in general be used and 
one must resort to the Thomas-Fermi method. This is not a great 
inconvenience, because, as shown by Fig. 14 for the case of rubidium 
(Z = 37), the radial distribution curve according to Thomas-Fermi 
is a good average of Hartree’s curve, which it intersects several 
times. Fig. 15 compares the/ values for rubidium calculated by the 
two methods. It is seen that there is close agreement, the differences 
being partly due to the fact that the Thomas-Fermi curve applies 
to the neutral atom, while the Hartree curve is calculated for the ion. 

There are other methods of obtaining atomic scattering factors. 
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Pauling and Sherman (136), for example, calculate them using 
hydrogen-like wave -functions with screening constants which are 
characteristic of each atom, but this method does not appear to be 
as reliable as that of Hartree. 



Fig. 14. Kadial distribution of charge for rubidium, calculated first by Hartree’s 
method of self-consistent field, and secondly by the method of Thomas and Fermi. 
(After Hartree (91).) 



Fig. 15. Atomic scattering factor for rubidium, calculated first according to 
Hartree, and secondly according to Thomas and Fermi. (According to the data 
of James and Brindley (109).) 



CHAPTER II 


INCOHERENT SCATTERING 

GENERAL 

The calculation of atomic scattering factors, as developed in the 
previous chapter, is done in two steps. First, the density of charge 
in the atom is calculated. Secondly, the radiation scattered by the 
charge cloud is determined. While the first step makes use of wave- 
mechanics explicitly, the second assumes that the electric charges 
in each volume element scatter according to classical theory. 
A priori , this assumption appears arbitrary, for the problem of 
scattering must be treated as a whole, and not in part only, according 
to the new quantum theory. The question, however, has been in- 
vestigated in this way by Wentzel(i73,i74) and Waller (170, 171, 172) who 
come to the conclusion that the above treatment leads to the 
correct result for the coherent intensity, and is therefore justified. 
Besides this coherent scattering, however, the theory also predicts 
the existence of incoherent scattering, which is due to the Compton 
effect.t In the new quantum theory, coherent and incoherent 
scattering constitute only one problem, and must be treated 
simultaneously. 

While the frequency of the coherent radiation is the same as that 
of the primary radiation, the incoherent radiation consists of a 
continuous spectrum of frequencies — all smaller than the primary 
frequency — and the probability of interference between two 
elementary incoherent rays which should have exactly the same 
frequency is vanishingly small. Intensities, not amplitudes, are 
therefore added together in the scattering by a molecule, with the 
result that the angular distribution of the incoherent scattering 
does not depend upon the relative position of the atoms in the 
molecule. In the diffraction of X-rays by polyatomic gases, this 
monotonic background of incoherent intensity is difficult to elim- 
inate experimentally, and it must therefore be taken into account 

t There still exists an effect which is not taken into account by this treatment, 
namely, the direct dependence of the atomic scattering factor upon the frequency 
of the primary X-rays. See Chapter nr. 
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in the calculation of the scattered intensity. The situation is rather 
different in the diffraction of X-rays by crystals. In that case the 
coherent radiation is concentrated in narrow lines which appear on 
a continuous background, and in principle, at least, the separation 
of the coherent radiation can be done at once. 

THE COMPTON EFFECT 

In 1923 Compton ( 26 ) studied the spectral distribution of X-rays 
scattered by graphite, using the apparatus reproduced in Fig. 16. 
The graphite block JR is struck by molybdenum Koc radiation 
(A = 0*71 A.) emitted by the tube T. The scattered radiation is 
analysed by a crystal spectrometer containing an ionization 



chamber. Fig. 17 represents the spectrum of the primary radiation 
(A) and of the radiation scattered at angles 6 equal to 45° (B), 
90° (C) and 135° (D). In the secondary radiation there is an undis- 
placed line P (coherent scattering) and a line M which is broadened 
and displaced towards the larger wave-lengths (incoherent scatter- 
ing). The displacement is greater at larger scattering angles; at 
6 = 90° it is equal to 0 024 A. 

Numerous and accurate experiments have subsequently shown 
that the magnitude of the displacement does not depend either upon 
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the nature of the scatterer or upon the primary wave-length. The 
intensity of the displaced line is higher 
when the scattering element is lighter. 

Its state of polarization is the same as 
that of the undisplaced line. 

This phenomenon cannot be explained 
by the classical theory. Compton (2r>) and 
Debye (3fi) have independently given a 
quantitative theory of the effect, based 
on quantum mechanics, and according 
to which the elementary act is a collision 
between an X-ray photon and an elec- 
tron. The primary photon of frequency 
p 0 — c/A 0 transfers in one step the energy 
hv 0 to the electron, formerly at rest 
(Fig. 18). This energy is quantitatively 
used, first to create a secondary photon of 
frequency v and energy hv, and secondly 
to impart to the electron a velocity v. 

On this basis, a detailed description of 
the phenomenon can be obtained, using- 
only the laws of conservation of energy 
and of conservation of momentum, to- 
gether with the relativistic equivalence 
between mass and energy. It is found, 
among other things, that the wave-length Glancing angle from calcite 
displacement of the Compton line is given Fig. 17. (After Compton(26).) 
by the universal formula 



A — A 0 — 2/1 sin 2 \6, 


( 21 ) 



A 0 and A being respectively the primary and secondary wave- 
lengths and the other letters having their usual meaning. 



Fig. 18. 
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ANGULAR DISTRIBUTION OF THE INTENSITY 
SCATTERED BY A FREE ELECTRON 

Using the above theory, and knowing in what direction a secondary 
photon is emitted, it is possible to calculate the frequency of the 
secondary photon as well as the velocity and direction of the recoil 
electron. The probability of the photon being emitted in a given 
direction, that is, the angular distribution of the incoherent inten- 
sity, is not given, however, by this elementary theory. This intensity 
distribution has been calculated by Dirac (t>0) using relativistic 
quantum mechanics (Heisenberg’s method), by Breit( 20 ) using the 
correspondence principle, and by Gordon (83) using Schrodinger’s 
method. These authors all find that the intensity scattered by a 
free electron in any direction is ( v/v 0 ) 3 times the Thomson intensity, 
v 0 being the primary frequency and v the secondary frequency in 
the direction under consideration. The scattered intensity / s> is 
therefore 

h = q 

with a = ~ = - h ~° 9 . (24) 

I e is still used here as a convenient intensity unit, although the 
intensity I 8 in formula (23) represents incoherent intensity, while a 
Thomson electron would scatter coherent radiation only. For long 
wave-lengths AjA 0 is small and the angular distribution tends to 
the classical distribution of intensity. Contrary to what might 
possibly be expected from a consideration of the elementary theory, 
the state of polarization of this incoherent radiation is the same as 
it would be for the case of the Thomson electron. 

When y-rays are scattered by iron, for instance, there is practi- 
cally no coherent radiation because the wave-length is very short. 
The energy of the incident photons is large enough for the electrons 
to be considered as free. The experimental intensity distribution 
can accordingly be expected to correspond to the distribution given 
by formula (23). Fig. 19 shows that the agreement is actually much 
better with this formula than with that of the classical theory. 


vY 

Vq) 


4 


(l + a(l — cos 0)) 3 ’ 


(23) 
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Calculations have also been made by Klein and Nishina(ii5) 
using Dirac’s (61) new quantum mechanics, which explains doublet 
phenomena in terms of the relativity theory and of the general 



Fig. 19. Variation of the scattered intensity with angle of scattering: (broken line) 
calculated according to the classical theory; (full line) calculated according to 
quantum theory by Dirac for A = 0 022 A., which makes a =1-1; (crosses) 
measured by Compton: scattering of y-rays of the above wave-length by iron. 
(After Dirac (60).) 

theory of transformation in quantum mechanics only. Klein and 
Nishina give the following formula for the distribution of incoherent 
intensity: 

r = ' le I", , 2 (1- COsfl) 2 “I 

s (l+a(l-cos60)*L (l + cos 2 ~#)(l-f a(l-cos#))J V 

It is the same as formula (23) except for a new term in a 2 . This term 
is negligible for ordinary X-rays, but is important for radiations of 
very high frequencies. It is supposed to represent radiation which 
is nearly completely unpolarized. 

INCOHERENT SCATTERING BY AN ATOM 

Electrons which are completely free scatter only incoherent radia- 
tion. On the other hand, it has been seen that electrons in atoms 
scatter both coherent and incoherent radiation (undisplaced and 
displaced lines). This is due to the fact that electrons in atoms are 
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not free. For heavy atoms, in which the electrons are more firmly 
bound, the coherent part of the intensity is relatively greater. 

When radiation is scattered coherently, a primary photon of 
energy hv 0 is first captured by the atom, and then emitted again in 
its entirety, the atom falling back to its previous energy level. When 
radiation is scattered incoherently, part of the primary energy hv 0 
is retained by the atom either to excite or to ionize it, and the photon 
re-emitted has an energy lower than hv 0 , that is, the scattered 
radiation has a longer wave-length than the primary radiation. 



(a) (b) (c) 

Free electron Hydrogen atom 

Fig. 20. 

Hydrogen atom. The energy of a free electron is exclusively of 
a kinetic nature and can take a continuous series of positive values, 
starting from zero for the electron at rest (Fig. 20). When a free and 
resting electron reacts with a photon hv 0i the electron is momen- 
tarily brought to a high energy level, and then falls back to an 
energy level E', the position of which is a function of the direction 
taken by the electron. E ' being thus the kinetic energy of the recoil 
electron, hv = hv 0 — E' is the energy of the photon which is re- 
emitted. The elementary theory mentioned above gives the re- 
lationships between the direction and the energy of the incoherent 
photon and of the recoil electron. 

The case of the hydrogen atom may now be examined. The energy 
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E of the system can take a series of discrete values corresponding to 
the stationary states of the atom, the characteristics of which are 
determined by wave-mechanics. Let the energy scale be chosen so 
that E — 0 for an atom of which the proton and the electron are 
very far apart, but have no kinetic energy; the stationary energy 
levels then have negative values. There is also a continuous series of 
positive levels which correspond to an ionized atom with kinetic 
energy. When a hydrogen atom in the normal energy state E x reacts 
with a photon hv 0 , one of three things may result (Fig. 20): 

(a) The atom comes back to its original state with the emission 
of a coherent photon hv 0 . 

(b) The atom comes to a stationary state E ni that is, it remains 
in an excited state. An incoherent photon is emitted, the energy of 
which is hv = hv 0 — (E n — E x ). 

(c) The energy of the atom after the reaction is represented by 
a level in the continuous domain, that is, the atom is ionized and 
retains a kinetic energy E' . Incoherent radiation of energy 
hv — hv 0 — (E f — E 1 ) is emitted. 


Primary radiation 


Hydrogen atom 



Free electron I 

/je 0 . hv 

Fig. 21. Schematic representation of the spectrum of the radiation scattered 
by a hydrogen atom and by a free electron. 

The spectrum of the radiation scattered by a hydrogen atom 
should therefore have the appearance schematically reproduced in 
Fig. 21 : an undisplaced line, a number of discrete Compton lines and 
a continuous Compton spectrum. The intensity of the different parts 
of this spectrum depends upon the probability of occurrence of the 
corresponding atomic process. This has been calculated (173) using 
wave-mechanics: it is found that the Compton lines are extremely 
weak* and that the continuous region has its maximum intensity 

t The Compton lines, which are the atomic equivalent of the Raman effect, have 
not yet been observed experimentally. The intensity distribution in the continuous 
Compton spectrum has been studied, particularly by- DuMond (63, 64), with a view 
to draw ing conclusions as to the movements of electrons in atoms. 
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precisely where the displaced line would be found according to the 
elementary theory for the case of a free electron. The spectrum 
observed in practice accordingly consists of an undisplaced line and 
of a broadened displaced line. 

In the case of coherent scattering, the atom leaves the normal 
state characterized by the wave-function \]r Xi to come back to the 
same state i/r v The characteristic quantity in the calculations is ^f, 
which is interpreted as representing the density of charge in the 
atom. In the case of incoherent scattering, the atom passes from the 
state \jr x to another state ijr n . The characteristic quantity then is the 
product ! tjfn . As far as X-ray diffraction is concerned, however, 
detailed knowledge of the spectral distribution of the scattered 
radiation is not necessary. The total intensity, in each direction, of 
all the components of the incoherent radiation is all that is needed. 
The mathematical form of the wave-equation for the hydrogen atom 
fortunately happens to be such that this incoherent intensity can be 
calculated without examining separately all the various products 
ir x fr n . It can be shown (174, 170) that for this particular atom the 
total intensity (coherent plus incoherent) scattered in any direction 
is equal to the intensity scattered by a Thomson electron in the 
same direction. For unpolarized primary radiation, the value of 
the incoherent intensity / lnc can be written, therefore, according 
to equations (3) and (10), 

line. = W-fk) - lo ^ ( 26 ) 

/ H being the scattering factor for hydrogen defined by equation (15). 
Fig. 22 shows that the intensity of the incoherent radiation is zero 
for 6 = 0, and increases with increasing (sin \6)j\ until it constitutes 
practically the whole of the scattered intensity. 

Other atoms. For atoms containing more than one electron, it 
is impossible to derive the incoherent intensity directly from a 
knowledge of the atomic scattering factor/, as it is done for hydrogen, 
because of the absence of the special characteristics of the wave- 
functions Which allow such a procedure to be used. 

By analogy with the hydrogen atom, it may be expected that the 
incoherent intensity of all atoms is zero for 6 = 0 . On the other 
hand, for large values of (sin|0)/A, the coherent scattering of the 
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hydrogen atom disappears and the incoherent intensity is equal to 
the coherent intensity I e which would be scattered by a Thomson 
electron. For an atom containing Z electrons, therefore, it may also 
be expected that the incoherent intensity will be ZI e at those angles 
where the coherent intensity is negligible. As a matter of fact, it is ob- 
served experimentally that the total scattered intensity starts from a 
value proportional to Z 2 and becomes proportional to Z at large values 
of (sin The manner in which the intensity of the incoherent 

scattering passes from zero to the limiting value proportional to Z 
must be calculated. This can be done by various methods. 



Fig. 22. Coherent and incoherent intensity scattered 
by an isolated hydrogen atom. 

Heisenberg's method. Heisenberg (94) uses the Thomas-Fermi 
approximation for the electron distribution in atoms. The mathe- 
matical developments are rather difficult, but the same problem has 
been treated in a way easier to follow by Debye for the case of the 
free electrons in metals (49). The idea is the following. When emission 
of an incoherent photon occurs, an electron takes up the energy 
difference between the primary and the secondary incoherent photon. 
It is obviously necessary that the new state of the electron corre- 
sponds to an energy level having an empty space, otherwise the 
process cannot take place. This condition limits the probability of 
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emission of incoherent scattering. An energy level cannot be 
occupied by more than two electrons (of opposite spin). The deeper 
the level the more probable it is to find it already occupied. For 
small angles 0, since the primary photon loses very little energy in 
favour of the electron, the probability of the electron finding a 
space in an unoccupied level is very small and it will often return 
to its initial state, thus allowing coherent, instead of incoherent, 
radiation to be emitted. Using Fermi's statistics, it is possible to 
calculate for any scattering angle the proportion of electrons giving 
incoherent radiation. 

While a characteristic atomic radius a , proportional to Z~*, is 
used for the calculation of coherent radiation, the characteristic 
radius for incoherent radiation, b, is proportional to The 
radius b is given by 


b = 


1 




0-176 


x 10~ 8 cm. 


(27) 


(28) 


Z* (6tt)* \3277 2 / 2 me 2 Z * 

The universal variable used in the calculation is 

v = ksb = *nb^ 9 
A 

and the incoherent intensity scattered by the atom, for unpolarized 
primary radiation, is 

a\ 1 4- cos 2 0 

ZS(v) = I e ZS(v), 


^inc. h 


2 


(29) 


where S(v) = 1 - -®J[(”)* + |] • ( 30 > 

<f>(x)/x is the dimensionless potential used previously in equation 
(17). The upper limit of integration is defined by (<j>(x 0 )/x 0 )* — v — 0. 

Table II. Incoherent scattering function according to 
Heisenberg-Bewilogua (10) 


v — ksb 

S 

II 

s 

11 

8 

005 

0-319 

0-4 

0-839 

0-8 

0-944 

01 

0-486 

0-5 

0-880 

0-9 

0-954 

0-2 

0-674 

0-6 

0-909 

1-0 

0-963 

0-3 

0-776 

0-7 

0-929 




A numerical table of the values of 8 as a function of v has been 
constructed by Bewilogua(iO) and is reproduced here (Table II). 
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In order to obtain the incoherent intensity scattered by an atom, 
the radius b must first be calculated for this atom using equation 
(27). For any chosen value of (sin £0)/A, the quantity v is calculated 
using equation (28). Table II then gives the corresponding value 
of S, and the intensity of the incoherent radiation is obtained using 
equation (29). The incoherent scattering function for argon, given 
in Fig. 23, has been calculated in this way. 

The larger is Z , the smaller is 6, and the smaller therefore is S 9 for 
any given value of (sin Id) /A. This means that heavy atoms scatter 
proportionally less incoherent radiation than light atoms. 

Other methods. Heisenberg’s method for calculating incoherent 
scattering is a universal one, immediately applicable to any atom, 
like the Thomas-Fermi method for calculating coherent scattering. 
Other methods exist for incoherent, as for coherent, scattering, 
but in these the case of each atom must be considered separately. 

In Hartree’s method of calculating the atomic scattering factor 
/, the separate contributions of the individual electrons are added 
together. If the scattering factor of the electron i among the Z 
electrons in the atom is called f i9 the atomic factor /is given by 

/ = E/i> (31) 

i 

where, according to equation (11), 

/ f°° . 9 sinfer, 

nsr*- < 32 > 

Pi{r) representing the probability density of the electron i in the 
atom. It has been seen above that the use of this method is legiti- 
mate. Now equation (26), giving the incoherent scattering for the 
hydrogen atom, is valid for any other atom containing one electron 
only. Wentzel(J74) applies it successively to each electron i taken 
separately in the atom : 

4c.(t) “ 4 ^ ~fi)> (33) 

and takes the sum over all electrons of the atom: 

4c. - 42 (1 — jf?) = UZ-Xfi)- (34) 

i i 

In the same way as the coherent amplitudes for each electron were 
added together to get the coherent amplitude for the atom, the 
incoherent intensities for each electron considered as independent 
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are now added together to get the incoherent intensity scattered by 
the atom* 

Formula (34) is only an approximation because a many -electron 
problem cannot be expressed as the sum of a number of one-electron 
problems. To do so would allow each electron independently to make 
all transitions which are possible in the one-electron problem, and 
in a system containing several electrons some of these transitions 
are forbidden because they would lead to a final state which would 
not obey Pauli’s exclusion principle. Waller and Hartree(i7i,i72) 
treat the problem from this point of view and introduce corrective 
terms represented here by C : 

4 a c. = UZ-Xfi-C). (36) 

i 

These terms take into account the fact that some components of the 
incoherent radiation are not emitted, and that the intensity of 
some other components is altered. The relative importance of these 
corrections decreases with increasing atomic number Z. Formula 
(36) probably gives the best numerical values for incoherent in- 
tensities when the wave-functions obtained by Hartree’s method of 
the self-consistent field are employed. 

Comparison of the methods. The method of Waller-Hartree 
necessitates a special calculation for each kind of atom. The method 
of Heisenberg has in practice the considerable advantage of being 
a universal one. It is therefore interesting to examine its appli- 
cability to the study of X-ray diffraction by gases. It has been said 
above that the Thomas-Fermi approximation becomes unsatis- 
factory for the calculation of the coherent intensity scattered by 
light atoms. It must be pointed out, however, that according to 

+ Raman (147) and Compton (27), using the classical theory, have given the 
following formula for the total radiation scattered by an atom : 

Iu,t=I'(p + Z- f ~y (35) 

The terms Z — f 2 jZ have been taken by these authors as representing the incoherent 
intensity terms, and thus would correspond to the terms Z— L/f of formula (34). 

i 

This is possible only when / 2 = ZL which holds only when ail electrons have 

the same distribution of charge in the atom. This actually is true for helium, 
but it is not so for the other neutral atoms, as Herzog (97) has pointed out. 
Bewilogua(lO) has shown why the apparent verification of equation (35) obtained 
by Woo (180) using the experimental data of Barrett (2) is not really adequate. 
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equation (31) the factor / depends in its entirety upon the electron 
distribution, while equation (36) for incoherent scattering contains 
a constant term Z, so that errors concerning the electron distribu- 
tion affect only partially the incoherent intensity terms. As a matter 
of fact, Bewilogua(io) has shown that Heisenberg’s approximation 
is, for this and other reasons, valid down to the carbon atom 
(Z = 6).t Fig. 23 represents the incoherent intensity for argon 



Fig. 23. Incoherent scattering for argon calculated, first, according to Waller - 
Hartree, using the numerical data published by Herzog (97); secondly, according 
to Heisenberg-Bewilogua, using Table II; thirdly, according to Wentzel, using 
the data given by Herzog (98) for S/ t -. 

(Z — 18) according to Waller-Hartree (equation (36)). The approxi- 
mation of Heisenberg is in good agreement with this curve, especi- 
ally for high values of the angle variable. At lower values the 
differences are larger, but it must be borne in mind that, for 
(sin|#)/A = 0*2, for example, the coherent intensity has a relative 
value of 159, as against only 6 for the incoherent intensity: an error 
of 20 % in the latter thus gives an error of less than 1 % in the total 
intensity. Fig. 21 also shows that the curve according to Wentzel 
(equation (34)) is in poorer agreement with Waller-Hartree than the 
Heisenberg curve. Even for neon (Z — 10), the differences between 


FT> 


t See also (162). 
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CHAPTER III 


FLUORESCENT RADIATION 

When X-rays are scattered by matter, the characteristics of the 
secondary radiation are closely related to those of the primary 
radiation and of the scatterer. It has been seen that coherent 
radiation has the same wave-length as the primary radiation, that 
it has a definite relation of phase with it, and that its angular 
distribution directly depends upon the structure of the scattering 
matter. The properties of the incoherent scattering itself are greatly 
dependent upon those of the primary radiation. When matter is 
irradiated with X-rays, however, it also re-emits radiation of quite 
another type, namely, fluorescent radiation. This is also called 
characteristic radiation because it has one or several wave-lengths 
which depend upon the nature of the irradiated atoms only. The 
angular distribution of the fluorescence radiation does not depend 
upon the direction of the primary radiation or upon the molecular 
structure of the scatterer. 

INTENSITY OF THE CHARACTERISTIC RADIATION 

Fluorescence is intimately connected with absorption. An atom 
absorbs a primary photon, all the energy of which is used up to 
expel a ‘photo-electron 7 with high kinetic energy from the atom, 
which therefore remains in an excited state. The primary photon 
disappears entirely in this process. After a very short time the energy 
of the excited atom is again liberated, usually by the emission of 
one or of several fluorescence photons. The energy of these photons 
depends upon the arrangement of the discrete energy levels of the 
atom. Thus it does not change steadily when the energy of the 
incident photon is changed. The probability of emission of these 
photons is obviously the same for all directions in space. Their 
emission takes place independently in each atom and no inter- 
ferences occur. 

Nowit can also happen that an atom from which a photo-electron 

3-2 
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has been expelled emits no radiation, but instead expels a second 
electron from a more peripheral shell (photo-electron of the second 
kind). This phenomenon constitutes the Auger effect. The pro- 
bability of an excited atom emitting fluorescence, that is, the ratio 
of the number of atoms emitting fluorescence to the total number of 
excited atoms, is called the fluorescence yield. The fluorescence 
yield is greater for heavy than for light atoms. Fig. 24, after 
Niens(i3i), gives the variation of r \ K , fluorescence yield for the K 
radiation, with atomic number Z . 



Fig. 24. Dependence of the fluorescence yield tj k upon the atomic number Z. 
Experimental measurements by various authors (dots) and theoretical curve 
according to Haas (full line). (After Niens(131).) 

The intensity of the fluorescent radiation is considerable in com- 
parison with that of the scattered radiation. As an example, suppose 
that chlorine is irradiated with copper Kol radiation (A = 1*54 A.), 
the incident intensity being / 0 . At a distance R = 1 cm., the inten- 
sity scattered at an angle d = 90° by a chlorine atom is, dis- 
regarding incoherent radiation, 
al 1 -f cos 2 6 
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On the other hand, after passing through a layer of chlorine con- 
taining 1 g./cm. 2 area, the intensity of the primary radiation is 
diminished to a value I 0 e~ //Ip . The mass absorption coefficient /ijp 
{fi linear absorption coefficient, p density) is in the present case 
equal to 103 * 4 ( 18 ). If now /ijp is divided by the number N of atoms 
contained in 1 g. chlorine, the result is the absorption coefficient per 
atom. The mean intensity of radiation absorbed by one chlorine 
atom is thus 

I 0 -I 0 e-^P N = 7 0 (l-e 6 * oxlo ~ 2l )^6*Ox 10~ 21 x7 0 . (40) 

The fluorescence yield for chlorine is about 0* 1 ; taking into account 
that the energy of the incident photons (A = 1*54 A.) is higher than 
that of the fluorescence photons (A = 4*7 A.), the mean fluorescent 
intensity for a chlorine atom at a distance R — 1 cm. is found to be 

1*54 1 

7 fl = 7 0 x 6*0 x 10~ 21 x 0*1 x x — = 1*^6 x 10~ 23 x 7 0 . (41) 

Comparison with formula (39) shows that fluorescence is here almost 
seven times as intense as scattered radiation. 

Since X-rays of short wave-length are less absorbed than those 
of long wave-length, their use reduces the intensity of fluorescence, 
but it does not suppress it. Fluorescence remains in practice an 
intense parasitic radiation, the intensity of which cannot be 
accurately calculated. It must therefore be eliminated experi- 
mentally. As the fluorescence wave-length is different from the 
primary wave-length, this can generally be done using selective 
absorption filters. In the case of heavy atoms, the K radiation may 
be too hard for this procedure to be practicable. A primary radiation 
may then be used, the wave-length of which is longer than that of 
the K absorption edge of the atoms, which under these conditions 
emit only the softer L, M, ... fluorescence. It must be borne in 
mind, however, that the above theories for the coherent and in- 
coherent scattering are then no longer strictly valid, because they 
assume that the primary frequency is appreciably higher than all 
characteristic frequencies of the atom. 
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DEPENDENCE OF ATOMIC SCATTERING FACTOR 
UPON WAVE-LENGTH 

When X-ray frequencies are used which are only slightly higher 
than the K critical frequency of the atom, the amplitude scattered 
by the K electrons is increased by resonance. Changes of phase also 
occur. The interferences between the radiation scattered by the K 
electrons and by the other electrons then result in a decrease of the 
total amplitude, so that the atomic scattering factor becomes 
considerably smaller. For frequencies slightly lower than the 6ritical 
atomic frequency, on the other hand, the factor / increases again. 
It then remains below its value at high frequencies, however, 
because the K electrons no longer take part in the scattering. 



Fig. 25. Measurements of the atomic scattering factor of nickel 
for various wave-lengths. (After Jesse (112).) 

Honl(i04,io3) has given a wave-mechanical theory of this pheno- 
menon. It is a problem of the general theory of dispersion of light. 
The first result concerns the quantity, Af, defined by 

4/Wa-*o-/a, (42) 

where / A is the atomic scattering factor for a wave-length A, and 
is the factor for wave-lengths so short that dispersion effects 
are negligible. For a given wave-length, the value of Af is practically 
independent of 6 , that is, the curves giving in terms of (sin^0)/A 
the factors /for different wave-lengths are all parallel. As shown in 
Fig. 25, this receives experimental confirmation from measure- 
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merits by Jesse (112) on nickel. The theory also gives the variation of 
Af itself with the wave-length. Fig. 26 shows that there is general 
agreement between theory and experiment, although this agreement 
is not quantitative for some of the points on the long wave-length 
side.t 

In X-ray diffraction, it follows that the use of primary frequencies 
very near the critical frequencies of the atoms is to be avoided. 
Frequencies higher than the critical frequencies are preferable, 
whenever possible. For heavy atoms the use of such wave-lengths 
may not be practicable; the atomic scattering factor then can still 
be calculated, although with a lower accuracy. 



Fig. 26. Measurements of Af for nickel (circles), compared with 
Honks theory (full line). (After Jesse(ll2).) 

The conditions of validity of the calculation of incoherent in- 
tensity according to Waller-Hartree or Heisenberg are the same as 
those for the calculation of the coherent intensity according to 
Hartree or Thomas-Fermi. An error is therefore made when the 
incoherent intensity is calculated by the usual method and an 
X-ray frequency lower than the atomic critical frequency is used. 
As this occurs mainly for heavy atoms, however, the error on the 
total scattered intensity is relatively small. 


t For details see (112) and (1). 



CHAPTER IV 


EXPERIMENTAL MEASUREMENTS OF THE 
SCATTERING OF X-RAYS BY ATOMS 

MONATOMIC GASES 

The measurement of the diffraction of X-rays by monatomic gases 
gives directly the intensity of the radiation scattered by free atoms. 
Although it is possible to separate experimentally the coherent 
from the incoherent scattering, it is the total intensity scattered by 
gases which has generally been measured. In this chapter, only 
brief mention of the experimental techniques will be made; more 
detail will be found in Chapter xii. 

After unsuccessful attempts by other investigators, Barrett (2), 
in 1928, determined the scattering function of argon, that is, the 
intensity as a function of the scattering angle, using an ionization 
chamber. Excess scattering was observed at small angles. The 
proof that this effect was really due to interferences inside the atom 
was given by the fact that the excess scattering appeared at larger 
angles when longer wave-lengths were used. ‘White ? radiation of 
short wave-length was used. In the same year, Scherrer and 
Stager ( 154 ) published photographic measurements of the scattering 
by mercury vapour (Fig. 27). Mercury was chosen, among other 
reasons, because it is heavy enough to permit the incoherent radia- 
tion to be neglected. The chief result of the experiments is that they 
give for the atomic scattering factor of mercury a curve presenting 
neither maxima nor minima, and thus similar to the monotonic 
curves of the atomic factors derived from measurements on crystals 
(Fig. 28). The authors estimate that the accuracy of their measured 
intensities is probably not better than about ± 10 %. The filtered 
primary radiation (Cu Kol) is incapable of exciting the K fluorescence 
of mercury. The / curve calculated by the Thomas-Fermi approxi- 
mation, although valid only for a primary frequency higher than 
the critical K frequency, nevertheless is in good agreement with 
experiment, as shown in Fig. 28. In this connexion it must be 
borne in mind that the slope of the curve is small. Again, the 
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intensity measurements are not absolute measurements: the scale 
was adjusted in such a way that the ordinates of the experimental 
and theoretical curves coincide at 6 = 90°. Remembering that the 
error 4/ in the scattering factor must be the same at all angles, the 
agreement observed then becomes understandable. 

Wollan(i76), using an ionization chamber, studied in 1931 the 
diffraction by helium, neon and argon. Molybdenum radiation 
(A = 0*71 A.) was used, with (except for helium) 'balanced filters ’ 



Fig. 27. Experimental measurement of the X-ray intensity scattered by mercury 
vapour according to Scherrer and Stager, for a wave-length of 1-54 A. 

The dotted line below represents the theoretical angular distribution of intensity, 
proportional to the polarization factor (1 -f cos 2 0 ) 12 , which would be given by a 
classical resonator such as a Thomson electron. Comparison with Fig. 28 shows 
that it is the polarization factor which is the cause of the minimum observed 
in the experimental intensity curve at about 6 — 120°. (After Scherrer and 
Stftger (154).) 

which give a good monochromatization. All intensities were mea- 
sured by comparison with the intensity scattered by hydrogen at 
an angle of 90°, which can be calculated considering the two atoms 
of the hydrogen molecule as independent. Wollan therefore considers 
these measurements to be absolute measurements, but it must be 
remarked that the hydrogen measurements were made without 
filters, and subsequently corrected in a particular way A 

t See (98). 
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In the same year, Herzog (97) measured photographically the 
diffraction by argon gas of filtered copper radiation (A = 1-54 A.). 
This measurement is of special interest, because the same author (loo), 
using the same diffraction cell, succeeded in 1933 in making an 
absolute measurement of the diffraction by this gas, that is, in 
comparing directly the intensity scattered by the gas with the in- 
tensity of the incident beam. The primary intensity being some ten 
million times greater than the scattered intensity, the experi- 
mental technique had to be pushed to its extreme limit. The in- 



Fig. 28. Experimental values of / 2 and / for mercury. 

The curve / 2 has been obtained by dividing the intensity values of Fig, 27 by 
the polarization factor, the incoherent intensity being neglected. (After Scherrer 
and Stager (154).) 

The broken line which has been added in the present figure represents the values 
of / calculated according to Thomas and Fermi, using Table I. The ordinates of the 
two /curves, experimental and theoretical, have been made to coincide at 6 — 90°. 

tensity scattered at an angle of 40° and the primary intensity were 
measured with the same ionization chamber. By using balanced 
filters, results referring to monochromatic radiation were obtained. 
The calculation of the total scattering according to Waller- 
Hartree(i72) and the measurement of the geometrical dimensions of 
the apparatus gave a theoretical value of the ratio R of the scattered 
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energy to the primary energy: 7? calc = 2-87 x 1()~ 7 ± 6 %. The 
measured value, i? exp — 2-88 x 10~ 7 ± 5 %, is in excellent agree- 
ment with the calculations. The incoherent intensity in the present 
case is only of the order of 1 %: it is therefore really the Hartree 
method for calculating / which receives confirmation from these 
measurements. 

The relative measurements by Herzog were in agreement with 
the theory of Waller-Hartree, while the new measurements prove 
that agreement also exists for the absolute values of the whole 
curve. Fig. 29 represents the calculated curve and the experi- 



Fig. 29. X-ray scattering by argon. Measurements by Herzog for A = 1*54 A. 
(After Herzog (97).) 

mental points. Fig. 30 gives as function of (sin \d)jX the calculated 
coherent and incoherent intensities for argon. The measurements 
are in agreement with the theory, not only at angles where the 
scattering is nearly exclusively coherent, but also where the in- 
coherent intensity is an appreciable part of the total intensity. 
Wollan’s measurements on argon, + made using a shorter wave- 
length (A = 0-71 A.), also agree with the theory (98) as shown by 
Fig. 31. (It is not possible to compare these various measurements 
with one and the same theoretical curve, because the relativistic 
correction of incoherent scattering depends upon the wave-length.) 
Monochromatic measurements on neon made by Wollan(i76) are 
also in agreement with the theory (98). 

+ On the diffraction of X-rays by argon, see also (69). 
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The case of helium is especially interesting because of the high 
intensity of the incoherent radiation scattered by this gas, as shown 
in Fig. 32. Wollan’s measurements on helium unfortunately had to 
be made using unfiltered radiation and were corrected afterwards. 
The agreement with theory nevertheless is satisfactory (99), as shown 
in Fig. 33. In that figure the theoretical curve is drawn using the 



(sin $0)j A 


Fig. 30. Theoretical X-ray scattering by 
argon according to Waller- Hart ree. 
(After Herzog (97).) 



Fig. 31. X-ray scattering by argon. Measure- 
ments by Wollan, for A = 0*71 A. 
(After Herzog (98).) 


relativistic correction, and also without it. Since at large angles 
the scattered intensity is nearly exclusively incoherent, the agree- 
ment of the measurements with the curve using the relativistic 
correction proves the validity of this correction^ 

Compton (27) has shown that, knowing the angular distribution 
of the coherent intensity, it is possible to calculate the electron 
distribution in the atom by using Fourier analysis. The incoherent 

t For measurements of the ratio of coherent to incoherent intensity, see (179). 
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intensity must generally be eliminated by calculation, since it 
cannot be expressed as a function of the atomic scattering factor/, 
and some extrapolations are necessary, because the scattered 
intensity cannot be measured for all values of (sin \0)jX. Electron 
distribution in satisfactory agreement with Hartree’s theoretical 
distributions have been obtained: for neon, the shells K and L are 



Fig. 32. Theoretical X-ray scatter- 
ing by helium, according to Waller- 
Hartree. (After Herzog (99).) 



Fig. 33. X-ray scattering by helium. 
The circles represent measurements by 
Wollan, for A = 071 A. The full line re- 
presents the Waller-Hartree theoretical 
curve with the relativistic correction of 
the incoherent intensity for the above 
wave-length. (After Herzog (99).) 


resolved (177) in the electron distribution calculated in this way. 
According to Herzog (97), however, this Fourier method may in 
practice give rise to not inconsiderable errors. It seems preferable 
to determine the electron distribution by a method of trial and 
error: assuming a theoretical distribution, calculating the scattering 
function corresponding to it, and comparing the latter with obser- 
vation. It is, of course, this procedure which has been used above 
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in order to verify Hartree’s calculations. When the method of trial 
and error is chosen, the calculations are based on assumed theoretical 
data which can be quite complete. These therefore can then be 
accurately verified within the experimental range, which is always 
necessarily limited. When Fourier analysis is used, on the contrary, 
the calculations must be based on experimental data, which perforce 
are incomplete. 


CRYSTALS 

As has been pointed out, the coherent radiation in the case of crystals 
becomes automatically separated, and, knowing the Bragg reflexion 
intensities, it is possible to calculate the atomic scattering factor of 
the constituents of the crystal. In practice these determinations are 
delicate as much from the theoretical as from the experimental 
standpoint, because thermal vibrations in the crystal appreciably 
weaken the intensities, and because various correction factors 
determined by the perfection of the crystal structure (mosaic 
crystals) must be taken into account. Absolute measurements of 
atomic factors in crystals have been made chiefly by the Bragg 
school.* Upon this important question the reader is referred to the 
review articles of James (Hi), of Wollan(i78), and of Ehrenberg and 
Schafer (65). The latter contains a table of atomic factor measure- 
ments. The agreement found between the most precise measure- 
ments and theory gives support to the accuracy of the Hartree 
scattering factors and to the theory of the temperature effect in 
crystals. 

It is in general easier to obtain elements in the atomic state in 
crystals than in gases; this constitutes an advantage in using 
crystals in the measurement of atomic scattering factors. It must 
be pointed out, however, that crystal measurements become in 
principle impossible below a certain value of (sin \6)jX y given by the 
Bragg reflexion condition 

2d sin \d = nA,* (43) 

t See for example (107). 

* As has been pointed out above, 6 represents here the angle between primary 
and scattered rays. Our therefore corresponds to the angle of the primary ray 
with the reflecting plane, which is called 6 by Bragg. Crystallographers generally 
use the notation 20 for the angle which throughout this book is called 6. 
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where d is the spacing and n is a positive integer number. For a 
given spacing d , no reflexion can occur for 


sin \6 1 

~X~ < 2d' 


(44) 


In the X-ray diffraction by gases, on the contrary, there is no 
difficulty in principle in extending the measurements to small 
scattering angles, which are specially useful for obtaining know- 
ledge of the outer electrons of the atom. The fact that no correc- 
tion is necessary for thermal motion and for various other factors 
is also an important advantage of the diffraction by monatomic 
gases. 

The intensity scattered by gases changes progressively with 
angle, so that when the primary radiation contains two different 
wave-lengths, the smooth patterns corresponding to the different 
wave-lengths become superposed and cannot be separated. In the 
case of crystals, on the other hand, the scattered intensity, apart 
from the continuous background, appears in sharp monochromatic 
lines. The two methods therefore differ greatly from the experi- 
mental point of view. They are complementary to one another, but 
it is scarcely possible to compare their results, because the elements 
which are easy to study as monatomic gases are usually difficult to 
study as atomic crystals, and vice versa. 

It has hitherto been supposed that the electron distribution in 
atoms is spherically symmetrical. Strictly speaking this is likely to 
be inexact, at least for the outer electron shells. If this error were 
noticeable, the factor/ should depend not only upon (sin |0)/A, that 
is, on the scattering angle 6 , but also upon the orientation of the 
atom relative to the incident radiation. In a monatomic gas this 
effect obviously cannot be verified, because only the mean of the 
intensity for all orientations of the atoms is observable. On the 
other hand, non-symmetrical atoms in a crystal would certainly be 
regularly orientated throughout the lattice, and here the kind of 
averaging which takes place in the case of gases would not occur. 
The atoms therefore could be orientated at will relative to the 
primary beam simply by orientating the crystal as a whole. Now if 
two different sets of planes in the crystal happen to have identical 
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spacings, measurements of the atomic scattering factor /, for the 
same value of the scattering angle 6, can be made in turn for these 
two sets of planes — that is, for two different orientations of the 
atoms relative to the incident radiation. Two different values off 
might thus be found for the same value of the scattering angle 0 . 
Such differences, however, have not been observed outside the 
limits of experimental error. 

It may also happen that the structure of a crystal is such that 
certain reflexions are ‘forbidden’. This means that, provided the 
atoms are spherically symmetrical, these reflexions must have zero 
amplitude. Actual occurrence of such reflexions therefore must be 
an indication of the lack of spherical symmetry in the atoms in the 
crystal. It is clear that the existence of forbidden reflexions must be 
easier to detect than the existence of the variations in the value of 
/which have just been mentioned. A forbidden reflexion is observed 
in the case of diamond. The properties of the diamond lattice are 
such that reflexion 222 cannot appear if the electron distribution 
in the diamond atoms is spherically symmetrical. Now this for- 
bidden reflexion is observed with a small but accurately measurable 
intensity. This therefore shows with certainty that the atoms in 
diamonds are not spherical. The concentration of electrons in the 
chemical bond must evidently account for this deviation from 
spherical symmetry. A wave-mechanical treatment of the theoretical 
problem has been given by Ewald and Honl(7i) and measurements 
have been published by Renninger(i50). The observed intensity of 
the 222 reflexion is of the order of magnitude expected from the 
theoretical calculation — although actually greater — and reflexion 
622, another forbidden reflexion which the theory predicts to be 
extremely weak, is actually not observed. + 

The incoherent intensity scattered by crystals is not precisely 
equal to the continuous background, because this background 
contains also coherent radiation. According to Debye (31), the shai*p 
lines of coherent radiation are, on account of the thermal vibrations 
in the crystal, accompanied by a diffuse scattering which is greater 
the more the line intensity is reduced. No direct measurement of 

t On the structure of diamond see also (21). 
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incoherent intensity is therefore possible for crystals. 1. It may be 
pointed out that it has been found that the diffuse background due 
to thermal vibrations in the crystal is not structureless as the early 
theory of Debye (31) predicts, but contains more or less well-defined 
spots and streamers. 1 

+ See (178) and (65). The scattering due to thermal vibrations is in general 
treated as coherent, but, actually, it consists of radiation which is slightly in- 
coherent because the incoming quantum has been changed by giving some of its 
energy to the thermal vibrations. 

* See e.g. (14) and the reviews (119) and (15). This structure of the background 
is determined by the characteristics of the vibrations occurring in the crystal and 
thus can give important information about the dynamics of the crystal lattice. 


PD 
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CHAPTER V 


DIFFRACTION OF FAST ELECTRONS BY ATOMS 

The diffraction of fast electrons by gases, discovered in 1930 by 
Mark and Wierl(i22), has acquired great importance as a method 
of determining molecular structures, especially as developed by 
Pauling and his school, t Its fundamental principle is the same as 
that of X-ray diffraction by gases. 


COHERENT SCATTERING 


When a parallel beam of electrically charged particles enters the 
field of force of an atom, the particles are deflected from their original 
path and the beam is diffracted. The scattered intensity may be 
defined ill the following way. Suppose the incident beam sends a 
number I 0 of particles through unit area in unit time: 7 0 is then the 
primary intensity. The diffracting centre being at the point 0 , 
suppose a disk of area ds to be situated at a point P at a distance R 
from 0, R being large compared with atomic dimensions. The 
direction OP makes an angle 0 with the direction of the primary 
beam and the disk ds is normal to OP. Then, if I 8 ds is the number of 
particles striking the disk per unit time, I s is by definition the 
intensity scattered at the angle 6 at the distance P. 

According to wave-mechanics, a beam of particles travelling all 
with the same velocity can be represented by a wave, the wave- 
length A of which is given by the relation of Louis de Broglie, which 
is written, disregarding the relativistic correction, 



mv' 


(45) 


where h is Planck’s constant, m is the mass and v the velocity of the 
particles. The square of the amplitude of this associated wave is the 
intensity of the beam. When the beam is diffracted by a, system of 
several points, interferences occur on account of the wave-nature 


+ See the review articles by Brockway (22) and Maxwell (187). 
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of the beam. There is not a mere superposition of the angular 
distributions of intensity which are to be expected for each centre 
taken separately. It is, on the contrary, the amplitudes, not the 
intensities, which are added together, exactly as in the case of the 
diffraction of electro -magnetic radiation. 

If an electron beam, the associated wave of which has an amplitude 
A 0 , and a wave-length A, falls into the electrostatic field of an atom 
of atomic number Z, the scattered wave, according to wave- 
mechanical theory (129), has an amplitude A s equal to 



A 0 %-n 2 me* A 0 2 

• Rh* Ita H ’ 

(46) 

where 


(47) 


m being the electron mass, — e the electron charge, and/i Planck's 
constant. F is called the atomic scattering factor for electrons . The 
function/ is the scattering factor of the atom for X-rays of the same 
wave-length A. The intensity I s scattered by the isolated atom is 
therefore 

I ° = A * = ifaaf/ 2 ’ (48) 

The limits of validity of this formula are the same as those of the 
calculation of X-ray coherent scattering. The incident electrons 
must have an energy higher than the binding energy of the K 
electrons of the atom. This sets an upper limit of, say, 0*1 A. to the 
electron wave-lengths which can be usedA X-rays of much longer 
wave-lengths correspond to the same energy. 

Thus the electron scattering factor F is obtained immediately 
from a knowledge of the X-ray factor /. Like the latter, F is a 
function of (sin |-#)/A. It contains a positive term in Z which is due 
to the action of the positively charged nucleus, and a negative term 

+ In terms of the accelerating potential V in volts, the electron wave-length A 
is given, in Angstrom units, by 



For the relativistic correction, see Thomson (163), 3rd ed., vol. 2, p. 28. 

4-a 
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in — / which represents the screening effect of the electron atmo- 
sphere. 

Equation (48) can also be written 

/ _ A / 

s i? 2 \2mi> 2 


5 (^/) 2 

sin* 


(50) 


where mv 2 is twice the energy of each of the electrons. If in this 
formula/ is made equal to ?ero, an angular distribution proportional 
to Z 2 ( sin|#)~ 4 is obtained. This is the well-known distribution 
observed by Rutherford in the diffraction of a-particles by atomic 
nuclei. 

The coherent X-ray intensity scattered by an isolated atom has 
been found above to be represented by equation (10); it can be 
rewritten 


X-rays: 




1 + cos 2 6 /„ 
2 R 2 


alP 


(51) 


For electron rays, the equation is 


Electrons: 


/ = 7 « 


R 2 a 2 n 



(52) 


there is no polarization factor in this case. Using these equations 
the ratios of the scattered to the primary intensity for the case of 
X-rays and for the case of electrons may be compared. The factor 
47r(sin \0)jX may be taken equal, for instance, to 10, A being ex- 
pressed in A. The values of a e and a H are respectively 2*8 x 10" 5 
and 0-53 A. Equations (51) and (52) then become 


X-rays : 
Electrons: 



1 

R 2 


1 4- cos 2 6 

2 "~ 


(2-8 x 10 ~ 5 ) 2 / 2 


10~ 9 x 


p 

R 2 ’ 


1 4 fe^lQ-Sx igzZl 2 

R 2 ( 0-53) 2 10 4 R 2 ' 


(53) 

(54) 


The quantities / and (Z — /) being of the same order of magnitude, 
this means that the interaction with matter is of the order of a 
million times greater in the case of electrons than in the case of 
X-rays. This explains why, when photographic recording is used, 
the times of exposure are of the order of magnitude of only a second 
for electrons, while for X-rays they last hours. The electron 
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intensity, however, decreases very rapidly with increasing (sin \6)jX 
because this variable occurs with the fourth power in the de- 
nominator of formula (52), and at large angles the electron 
interaction becomes as small as that of X-rays (145). 



Fig. 34. The X-ray and electron scattering factors for the argon atom. 

Full line: /; broken line: F x (477) 2 /10. (After Pirenne(145),) 

As shown in Fig. 34, for the case of argon, both the / and the F 
factors decrease with increasing (sin \d)j\. The decrease, at least at 
the beginning of the curve, is more rapid for F , on account of the 
factor [(sin|0)/A]~ 2 in formula (47). An important difference 
between electron and X-ray diffraction is that, when this fast- 
decreasing factor is disregarded, the characteristic quantity for 
electrons is (Z — /), while it is /for X-rays. The latter quantity tends 
to zero for large values of (sin|0)/A, while (Z— /) tends to Z under 
the same conditions. 
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INCOHERENT SCATTERING 

An atom can react with an X-ray photon and remain in an excited 
state, a photon being re-emitted with an energy lower than that of 
the primary one. In the same way, an atom having reacted with a 
rapid electron can be left at an energy level higher than the initial 
one, the electron suffering a corresponding loss of energy. Electrons 
scattered in this way display a whole spectrum of velocities. Their 
associated waves have various wave-lengths for any given scattering 
angle. They constitute the incoherent part of the scattered intensity, 
while the coherent part corresponds to processes following which 
the atom returns to its initial state. Morse (128) has calculated that 
the total intensity scattered by an atom is 

+ 

coherent incoherent 

The first term between brackets represents coherent scattering; it 
has been given above in equation (52). The second term represents 
incoherent scattering. S is the incoherent scattering function 
calculated for X-rays by Heisenberg and given by equation (30). 
The first main difference between equation (55) for electron and 
equation (37 ) of Chapter n for X-ray diffraction is the existence in the 
former of the factor [(sin |#)/A]~ 4 , giving rise to a rapid decrease of 
intensity with increasing angle, and which affects the incoherent as 
well as the coherent intensity term. The other difference concerns 
the behaviour of the coherent and incoherent intensity terms. At in- 
creasing values of (sin|0)/A in the case of electrons, the coherent 
term tends to become proportional to Z 2 , and the incoherent term 
to Z : the coherent term therefore always retains a great relative 
importance. In the case of X-rays, on the other hand, the coherent 
term tends to zero while the incoherent term tends to Z, the 
incoherent term therefore becoming predominant. 




EXPERIMENTAL MEASUREMENTS 

Mark and Wierl(i23) have measured the relative intensities of the 
rings of Debye-Scherrer patterns obtained when electrons are 
diffracted by thin (10~ 6 cm.) microcrystalline foils of aluminium, 



DIFFRACTION OF ELECTRONS BY ATOMS 55 

silver and gold. The angular distribution of the coherent scattered 
intensity has also been calculated theoretically. Fig. 35 represents 
the experimental points together with the calculated curves and the 
Rutherford distribution. Although incoherent scattering has not 
been taken into account, the agreement is fairly good; it is least 
satisfactory for aluminium, an element for which the incoherent 
intensity should be important. The figure shows that the heavier 
the atom the more the intensity distribution differs from the 
Rutherford distribution. The experiments have also confirmed that 
heavy atoms scatter much more intensely than light atoms.* 



Fig. 35. Theoretical electron scattering for gold (1), for silver (2), and for alumi- 
nium (3). Rutherford scattering function (broken line). Experimental measure- 
ments of the scattered intensity by Mark and Wierl. The ordinates of the curves 
have all been made equal at a particular value of the abscissa, where they are 
seen to cross one another. (After Mark and Wierl (123).) 

For electron scattering by monatomic gases (ios, ns, 121) there is 
not as much satisfactory experimental verification as for X-ray 
scattering. But the above theory receives support from the results 
of the careful electron diffraction studies which have been made of 
some polyatomic gases, such as carbon tetrachloride (58). 

t See, however, the different results reported in (133) and (12). The problem of 
the scattering of electrons by thin metallic foils is a complicated one, on which 
many papers have been published in the last few years. 



CHAPTER VI 


DIFFRACTION OF X-RAYS BY FREE MOLECULES 

GENERAL 

The discovery of X-ray interferences in crystals, made in 1912 by 
von Laue, Friedrich and Knipping(78), showed that the wave- 
length of X-rays is short enough to make possible the measurement 
of atomic and molecular dimensions. If the molecules to be studied 
in this way are free, however, the investigator is faced with the 
difficulty of dealing with particles which cannot, like a crystal, be 
kept in a fixed orientation in space; Fortunately, as has been ex- 
plained in Chapter i, it was found that a rigid system of diffracting 
points must show recognizable interferences in the radiation it 
scatters, even if the system changes continually and in an uncon- 
trollable way its orientation in space. Debye was being led by 
this theoretical consideration when, in 1916, he discovered with 
Scherrerthe X-ray interferences given by crystal powders (33, & r >) and 
liquids (84). These experiments were forerunners to the investigation 
made in 1928 by Debye, Bewilogua and Ehrhardt(39,40), which 
was the first to show interference rings in the diffraction of X-rays 
by a gas, namely, by carbon tetrachloride, CC1 4 , in the vapour state. 

In fact, the diffraction of X-rays by gases is very similar to the 
diffraction by crystal powders, for each small crystal can be con- 
sidered as one large molecule, the interatomic forces in crystals 
being not essentially different from the interatomic forces which 
build up molecules. Crystals, even when small, are ‘ molecules * 
which contain large numbers of regularly distributed atoms, and 
therefore give sharp interference patterns. For this reason it is 
more easily understandable in the case of crystals than in the case 
of gases that interferences remain visible in the diffraction pattern 
even when the particles are oriented at random. 

It was thought at first that the structure of free molecules could 
be determined from the scattering function of substances in the 
liquid state, but this is not so. For strong interference effects exist 
between molecules and molecules in the liquid, which, moreover, 
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retains some kind of intermolecular organization, the molecules, for 
instance, being unable to rotate freely. It was therefore necessary 
to investigate gases, despite experimental difficulties. Gases are 
truly amorphous substances, and each gas molecule scatters very 
nearly in the same way as it would if entirely isolated. 

The choice of carbon tetrachloride for the first successful gas 
diffraction experiments was not due to chance. Previous attempts 
to show interference effects in X-ray diffraction by polyatomic gases 
had remained unsuccessful because the molecules and the experi- 
mental conditions had not been suitably chosen ( 9 ). The CC1 4 
molecule was chosen because the theory predicted well-marked 
maxima in its scattering curve on account of the six equal distances 
between the heavy chlorine atoms in the supposedly tetrahedral 
molecule. The expected maxima were found and a preliminary 
value of 3 A. for the Cl- Cl distance was deduced from their position. 
Subsequent investigations on CC1 4 , which became a kind of £ stan- 
dard’ molecule for diffraction experiments, have shown a remark- 
able agreement between the whole intensity curve and theoretical 
calculations, at the same time demonstrating the regular tetrahedral 
structure of the molecule. 

USE OF ATOMIC SCATTERING FACTORS 

The angular distribution of the intensity scattered by an actual 
molecule, free and isolated in space, must now be calculated. As has 
been seen in Chapter i, the angular distribution of the mean coherent 
intensity I 8 scattered by an undeformable system of Thomson 
electrons 1 , 2, . . . , i , . . . , j , . . . , n, the system taking all possible 
orientations in space with equal probabilities, is given ( 32 ) by the 


following equation: 

i j x ij 

(56) 

where 

t a\ 1 4- cos 2 6 
le “ Io R* 2 

(57) 

and 

sin \d 

X ij — ^ n hj ^ > 

(58) 


ly being the distance between the electrons i and,; in the system. 
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This formula, obtained for diffracting points , can be extended to 
diffracting systems having a continuous structure, such as the 
charge cloud of a molecule: 

(59) 


p x and p 2 are the electron densities in volume elements dV x and d\\ 
situated at a mutual distance r 12 , and 


x 


12 


= 47 rr 12 


sin|0 


(60) 


The calculation of the above integral for electron atmospheres of 
irregular shapes would be very intricate in practice, but a great 
simplification can usually be achieved in the following way. The 
electron atmosphere of the whole molecule is considered as being made 
up of the atmospheres of the various atoms which constitute it , these 
atmospheres being merely juxtaposed one to another , and each of them 
remaining spherically symmetrical. The validity of this assumption 
is discussed in Chapter ix. For spherically symmetrical atoms, and 
in this case only, the amplitude scattered at a given angle is in- 
dependent of the orientation of the atoms relative to the primary 
beam. According to the above representation of the molecule, each 
atom can therefore be replaced in the calculations by a point , the 
scattering power of which is, on the Thomson scale , different for 
every angle 6. The scattering power of this point is in fact equal to 
the scattering factor / of the atom, for / represents the amplitude 
scattered by this atom relative to the amplitude scattered by a 
Thomson electron, which is taken as unity. Thus, if the system which 
scatters X-rays, instead of being made of n point electrons, is a 
molecule constituted of n spherically symmetrical atoms 1, 2, 
... 9 j 9 ... 9 n 9 formula (56) must be replaced ( 44 ) by 

(6i) 

i i * ij 

Xy being given by equation (58), where l i} is now an interatomic 
distance. 
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INFLUENCE OF ATOMIC SIZE ON THE MOLECULAR 
SCATTERING FUNCTION 


Theoretical. The atomic scattering factors / in equation (61) 
take into account the number of electrons contained in the atom as 
well as their distribution in the atom. The chief characteristic with 
regard to the latter is the atomic size, that is, the dimensions of the 
volume around the nucleus in which the major part of the charge 
cloud is concentrated. The larger and the more diffuse the charge 
cloud, the more rapidly destructive interferences make the / curve 
decrease for increasing values of the angle 6. 

It is therefore interesting to see, using formula (61), what is the 
influence of variations in the behaviour of the atomic scattering 
factors /on the molecular scattering function. In order to simplify 
the problem as much as possible, Debye (44) has calculated the 
scattering curves for a series of imaginary diatomic molecules in 
which the electron atmospheres are chosen so as to facilitate the 
calculation of /, while the essential characteristics of actual atoms 
are retained. The distribution of the electrons in each atom is 


described by a Gaussian function. The extension of the electronic 
atmosphere is characterized by the length a. The electron density 
p , that is, the number of electrons in unit volume, is for each atom 


taken as equal to 


P = 


ll 

7 r 8 a 3 6 


-u 2 /a 2 


(62) 


u being the distance from the centre of the atom. The factor in 
front of the exponential is chosen so that the integral of p over the 
whole space is equal to the number z of electrons contained in the 
atom. 

The scattering factor / for such an atom can be calculated by 
formula (11) of Chapter I, with the result 


/ = ze -MW) 9 (63) 

where k — 2njX and s = 2 sin \0. The scattered amplitude decreases 
with increasing s , that is, with increasing 0, and the decrease is 
the more rapid the greater the length a. In the extreme case 
where a is vanishingly small, all the electron atmosphere being 
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concentrated in a point at the centre of the atom , /remains constantly 
equal to z. For a distance l between the two atoms in the molecule, 
the coherent scattering function, using formula (61), is found to be 

^ = 2/^1 + = 2z*e-< a ‘Mi* z (l + S1 ^-j , (64) 

where x = Jcsl = 4nl(si ni<9)/A. 
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x = 47r/(sin J0)/A 

Fig. 36. (The ordinate I is equal to I 8 /I e z 2 .) (After Debye (44).) 

Fig. 36 represents the scattering function calculated according 
to equation (64) for a series of molecules in which l is kept constant 
while a increases from one molecule to the next. A model of the 
molecule is drawn with each curve. The atoms are represented by 
circles of radius a ^2; according to equation (62), the electron 
density at the circumference of these circles has fallen to 1/e 2 =1/7*39 
of its value at the centre of the atom. The curve at the top of the 
figure corresponds to the ‘point theory’ which makes a = 0 and 
/ = Z, The following conclusions can be derived from a considera- 
tion of Fig. 36. 

(а) The ratio ajl determines the general shape of the scattering 
function. The greater it is, the more rapidly the intensity decreases 
with increasing angle. 

(б) As long as ajl remains small the curves show actual minima 
and maxima, but when ajl becomes too large these disappear and 
the curve becomes monotonic. 
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( c ) The positions of the maxima are displaced more and more 
towards smaller angles as a jl increases. Thus, if the interatomic 
distance were deduced from the positions of experimental maxima 
by a direct comparison with the positions calculated according to 
the point theory, the distance l found in that way would be longer 
than the actual interatomic distance, the error being large for 
molecules in which the electron atmospheres are not very con- 
centrated. Exact measurements therefore necessitate a comparison 
of the experimental curve with the complete theoretical curve — 
including incoherent scattering, the influence of which will be 
discussed below. 



Fig. 37. The X-ray scattering factor per electron, //Z, for the atoms 
H, C, Cl, I and Bi. (After Piremie(145).) 

In the case of actual molecules, the above discussion remains 
qualitatively valid, but the proper atomic scattering factors /must 
then of course be used. In order to understand the influence of the 
behaviour of / on the molecular scattering function, it is advisable 
to compare, not the / factors themselves, but rather the mean 
scattering factors f/Z per electron, for each kind of atom. fjZ is 
given in Fig. 37 for the atoms H, C, Cl, I and Bi. The heavier the 
atom the slower is the decrease of f/Z. The lighter atoms, the elec- 
tronic atmospheres of which are more diffuse, scatter proportionately 
less than the heavier atoms. At values of (sin^#)/A higher than 
unity, the hydrogen atom scatters practically no coherent radiation. 
In the case of the other atoms, however, this happens only at much 
higher values of this variable, on account of the high concentration 
of electrons in the K shell. 
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Experimental verifications. In order to see what remains of 
interatomic interferences in unfavourable cases, and in order to 
verify whether formula (61) and the values of the atomic scattering 
factors are in agreement with experimental results, Gajewski(79) 
has investigated the molecules N 2 and 0 2 , which are built up of 
light atoms at a short distance apart. 



0 1*0 0 1-0 2-0 


2 sin \6 2 sin 

Fig. 38. Fig. 39. 

Fig. 38. X-ray scattering function for the molecule N 2 . Measurements by Gajewski 
for A = 1-54 A. The theoretical curves are calculated for a distance Z N . N = 1*1 A. 
(The ordinate 1 is equal to I s /7 2 I e .) (After Gajewski (79.)) 

Fig. 39. X-ray scattering function for the molecule 0 2 . Measurements by Gajewski 
for A = 1*54 A. The theoretical curves are calculated for a distance l 0 . 0 = 1*2 A. 
(The ordinate I is equal to I a /H 2 I e .) (After Gajewski (79).) 

For nitrogen gas, using copper radiation (A = 1-54A.), the 
experimental scattering curve is quite smooth, as shown in Fig. 38. 
So also is the curve calculated for a distance i N . N = 1-1 A. (value 
derived from the study of the Raman effect), using the Thomas- 
Fermi / values. As Z = 7, the Thomas-Fermi radius is 
a = 0-47/7* = 0-246 A., 

as seen in Chapter i, equation (18). Nothing remains of the 
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maximum which would be expected at 6 — 120° according to the 
point theory which, making f — Z, assumes that the whole electron 
charge is concentrated at the centres of the atoms. 

In the 0 2 molecule, the interatomic distance is larger, Z 0 . 0 = 1*2 A. 
and, since Z == 8 , the radius a — 0 - 47 / 8 * = 0-235 A. The conditions 
therefore are somewhat better and the first 4 maximum ’ accordingly 
is seen as a weak protuberance in the scattering curves, both ob- 
served and calculated (Fig. 39 ). Taking into account the incoherent 
intensity, the agreement of theory with experiment is satisfactory. 



Fig. 40. X-ray scattering function for the molecule Cl 2 . Measurements by Richter 
for A = 1*54 A. and for A = 0*71 A. The theoretical curve is calculated using the 
atomic factor according to Hartree. The distance lc\-ci — 2*0 A. (The ordinate 
1 is equal to 1,1 ll 2 I e .) (After Richter (152).) 

Fig. 41. Theoretical X-ray scattering function for the molecule CC1 4 . (The 
abscissa x is equal to 4irf (sin J0)/A, l being a length characterizing the size of the 
molecule.) Fig. 52 shows the experimental verification of this theoretical curve. 
(After Bewilogua(IO).) 

Comparison with the point-theory curve shows how drastically 
the intra-atomic interferences reduce the magnitude of the intensity 
maximum. Although no real maximum remains, the size of the 
molecule has nevertheless been determined by comparing in both 
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curves the position of other characteristic points, such as the 
inflexion point, and bringing the calculated value into agreement 
with the experimental one by a suitable choice of the length 1. 

It is of interest to compare with the diffraction by the 0 2 molecule 
the diffraction by the Cl 2 molecule, in which the conditions are more 
favourable, for the distance Z C1 _ C1 = 2 0 A. and the Thomas-Fermi 
radius a = 0*47/17^ = 0-183A. Fig. 40, taken from papers by 
Richter ( 151 , ir> 2 ), shows that the ‘maxima’ are more prominent than 
in the case of 0 2 , and, moreover, that they are more numerous in a 
given range of (sin |#)/ A, because the distance l is longer. Incident- 
ally, it may be remarked that the experimental curve is in good 
agreement only with the curve calculated using Hartree’s factors 
/ for chlorine. When it is compared to the curve calculated using the 
Thomas-Fermi factors, the discrepancies are much larger than 
those seen in Fig. 40. Hartree’s scattering factors should therefore 
be used for atoms whose atomic number is lower than 18. 

In the CC1 4 molecule, the most important part of the scattering 
is due to the group of the four Cl atoms, the mutual distances of 
which are equal to 2*86 A., being therefore larger than the Cl-Cl 
distance in the Cl 2 molecule. The maxima accordingly are closer to- 
gether and more prominent than in Cl 2 , as shown in Fig. 41. It must, 
however, be borne in mind that in a polyatomic molecule such as 
CC1 4 the periodic terms /^(sin x^/x^) have a greater importance 
relative to the /f terms than they have in diatomic molecules, as 
was mentioned in Chapter I, and this in part accounts for the 
prominence of the CC1 4 maxima. 

The examples given above show how well the predicted influence 
of atomic size and interatomic distance on diffraction patterns are 
experimentally verified. 

INCOHERENT INTENSITY SCATTERED 
BY A MOLECULE 

The incoherent intensity scattered by a molecule is equal merely to 
the sum of the incoherent intensities scattered by its individual 
atoms, and therefore constitutes a background devoid of inter- 
ference effects. The incoherent intensity scattered by an atom is 
zero at a scattering angle 6 = 0, and increases with increasing values 
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of (sin \6)j A, tending to a value which is proportional to the atomic 
number Z. As, on the other hand, the atomic scattering factors 
decrease with increasing angle, the intensity scattered by a molecule 
at very high values of (sin^0)/A is predominantly incoherent and 
can give but little information about the structure of the molecule. 
The increase of the incoherent intensity function from zero to the 
limiting value Z is more rapid in the case of light than of heavy 
atoms, as has been seen in Chapter n. In the range of (sin£0)/A 
which is useful for the determination of molecular structures, the 
incoherent scattering per electron therefore is more intense in the 
case of light than of heavy atoms. 



x 

Fig. 42. Theoretical X-ray scattering function for the molecule C 6 H 6 . (The 
abscissa x is the same as in Fig. 41.) (After Bewilogua(lO).) 

The incoherent background has the effect of emphasizing the 
maxima of the coherent intensity. In the case of light atoms, the 
scattering factors decrease rapidly at increasing angles, but the 
increasing incoherent intensity is high, so that these two effects 
partially counterbalance each othef in the resulting curve. Fig. 42 
shows this for the case of C 6 H 6 . It is seen how large can be the rela- 
tive importance of incoherent scattering in the case of molecules 
built up of light atoms. The figure shows that the maxima are some- 
what emphasized by the effect of the incoherent background and, 


PD 


5 



66 DIFFRACTION OF X-RAYS BY FREE MOLECULES 


moreover, that the second maximum is slightly shifted towards 
higher angles on account of the increasing incoherent background. 
Similar effects occur in the case of the CC1 4 molecule, but are less 
important because the incoherent scattering is relatively much less 
intense in this case, as shown in Fig. 41. 


X-RAY DIFFRACTION FORMULA 


For a free molecule, built up of the atoms 1, 2, ..., i, ..., n, all 
of which can be considered as having a spherically symmetrical 
atmosphere, and which are situated at constant distances from 
one another, it follows from the above considerations that the mean 
intensity I s scattered at any angle 6 between primary and secondary 
ray is given by the following formula, in the case of unpolarized 
primary radiation: 


L 1 -F cos 2 0 


> v 1 v’ r f sin 
■ ZjJiJj — — - 

L i j x ij 


+ QZ.ZA 


The meaning of the letters is as follows: I 0 is the primary intensity, 
R is the distance from the molecule to the observation point, 
a e = 2-81 x 10~ 13 cm. is the classical radius of the electron, f i is the 
atomic scattering factor of atom i, = 47rZy(sin|0)/A, A is the 
wave-length, Z i is the atomic number of atom S t is the incoherent 
scattering function per electron for atom i, and Q is the relativistic 
correction for incoherent scattering, given in Chapter n and 
rewritten here: 



1 

/ ~ fe(l- cos6>)\ 3 ’ 
\ mcA / 


( 66 ) 


where h is Planck’s constant, m the mass of the electron, and c the 
velocity of light. It must be pointed out that the above formula 
does not take into account the continual variations in the distances 
ly which are brought about by thermal movements inside the 
molecule, the influence of which is discussed in Chapter vm. 

As a concrete example, equation (65) may be developed for the 
case of the CC1 4 molecule. The molecule is taken to be a regular 
tetrahedron with the C atom at the centre, so that all Cl-Cl distances 
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are equal, as are all C-Cl distances. The following table may be 
written out in order to find all the terms of the sum 2 2 °f the 
coherent intensity: i j 
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CL, 

Cl, 

c 

0 

C-Cl 

C-Cl 

C-Cl 

C-Cl 

Cl, 

! c-ci 

0 

Cl-Cl 

Cl-Cl 

Cl-Cl 

C1 2 

C-Cl 

Cl-Cl 

0 

Cl-Cl 

Cl-Cl 

Cl, 

! c-ci 

Cl-Cl 

Cl-Cl 

0 

Cl-Cl 

Cl 4 

C-Cl 

Cl-Cl 

Cl-Cl 

Cl-Cl 

0 


It shows that there are twelve periodic terms in # ci _ cl , eight periodic 
terms in x c . cl , one monotonic term / 2 and four monotonic terms / c ^. 
The incoherent intensity scattered by the molecule is given by the 
sum of the incoherent intensity scattered by the four Cl atoms 
<4Z C i x S v] ) and by the C atom (Z c x $ c ), the functions S being 
obtained using Table II , as explained in Chapter n. 

Suppose a small volume of carbon tetrachloride vapour is 
irradiated by a beam of unpolarized X-rays. This volume contains 
N molecules, N being of the order of 10 16 for a volume of 1 mm. 3 
Then the scattered intensity I s is, neglecting the intermolecular 
interferences, which will be discussed in the next chapter, 
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/ and S are generally functions of the variable (sin|#)/A only, but 
the relativity correction Q for the incoherent scattering depends 
directly upon 6. In some cases where the incoherent scattering is 
not intense, as for CC1 4 , this correction may be neglected, when the 
whole expression between brackets becomes a function of (sin \0)j A. 
Such a function is represented, for example, by Fig. 41. 
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CHAPTER VII 


INTERMOLECULAR INTERFERENCES IN GASES 
AND LIQUIDS. ‘OUTER EFFECT’ 

GENERAL 

The preceding chapters study the interference effects which occur 
inside a single atom or a single molecule. In experimental practice, 
large numbers of atoms or molecules are always dealt with at a time. 
It is therefore necessary to discuss the additional interferences 
which occur between any molecule and all its neighbours. Whereas, 
in X-ray diffraction by gases, this ‘ outer effect ’ is in most cases of 
negligible importance, in diffraction by liquids it is as important as 
the ‘inner effect’ — that is, the interferences arising inside each 
single molecule — and in some cases it may yield information about 
the arrangement of the molecules in the liquid. In molecular crystals, 
the ‘ outer effect ’ of course is very important because of the regular 
distribution and orientation of the molecules, but, for this very 
reason, the structure of the individual molecules building up the 
crystal may be determined from measurements of the X-ray re- 
flexion intensities. The case of gases and liquids only will be con- 
sidered here. 

In the first investigations which were made on the diffraction of 
X-rays by liquids, it was thought that the properties of the scat- 
tering function depended only upon the shape and dimensions of 
the individual molecules. Meanwhile, however, it became evident 
that very large numbers of different liquids yield diffraction pat- 
terns which show only slight differences from one another. This led 
to the idea that the inner, and most intense, diffraction ring must 
be due to interferences arising between secondary waves which 
originate from different molecules of the liquid (38). The experiments 
of Keesom and de Smedt(ii4), who, in particular, observed an inter- 
ference ring in the diffraction of X-rays by liquid argon, a monatomic 
liquid, were conclusive in proving the existence of this important 
‘outer effect’. An historical account of the investigation of the 
structure of liquids has been given by Debye and Menke(46). 
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‘OUTER EFFECT’ IN GASES 

The exact theory of the outer effect appears to be as difficult as the 
theory of the correction for the dimensions of the molecules in the 
equation of state. Nevertheless, a first approximation can readily be 
obtained for the limiting case in which the total volume occupied by 
the molecules is small compared with the volume occupied by the 
gas. In this case, Debye ( 37 , 38 ) has shown that, if the molecules are 
comparable with hard spheres and interact only by preventing each 
other from entering into the domains defined by these spheres, this 
alone is sufficient to cause the scattering function to exhibit a 
maximum. This maximum occurs at an angle determined by the 
ratio of the wave-length to the diameter of the hypothetical spheres. 

The theoretical problem can be attacked in the following way. 
A beam of unpolarized primary X-rays, of wave-length A and of 
amplitude equal to unity, strikes a large number, N, of particles 
occupying at a given moment certain positions in space. Each of 
these particles is spherically symmetrical and gives rise in all 
directions to scattered radiation having an amplitude and phase 
defined in the usual way by a scattering factor /. Such a system 
resembles a monatomic gas. The intensity scattered at a given 
moment by the system of particles can be calculated. In fact, 
however, this intensity cannot be observed when the particles are 
in motion, as are the molecules of a gas. All that can be measured is 
the mean value of the intensity scattered during an appreciable 
time, large in comparison with the time necessary for the particles 
to become thoroughly interchanged in position, and it is this mean 
intensity which must be calculated. This case, of course, is different 
from that of the rigid atomic framework of a molecule taking all 
possible orientations in space, for here no constant structure at all 
is retained during the course of time; on the contrary, the particles 
take up at random all positions in space. 

The gas is considered to be not very dense, so that, when dealing 
with two particles m and n, the other particles need not be taken into 
account, and, moreover, it is unnecessary to distinguish between the 
real volume of the gas and the free volume in which the molecules 
can move. In order to calculate the mean scattered intensity, it is 
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necessary to know the probability that a particle m has its centre 
in the element dV m of the total volume F, while a second particle n 
simultaneously has its centre in the element dV n situated at a 
distance r mn from dV m . This probability can be written 


W 


dV m dV„ 
V V 


( 68 ) 


If all relative positions were equally probable, W would every- 
where be equal to unity. The particles are considered to be im- 
penetrable spheres of radius a. Thus 2 a is the radius of the ‘sphere 
of action ’ of each particle, which 

is the domain inside which the i - 

centre of another particle can- ^ 

not be found. This imposes upon 

the probability function W the 

condition that it must be zero for 0 2 a 

distances r mn smaller than 2a , r ™ n 

while it is equal to unity for Flg ‘ 43 * 

distances r mn larger than 2 a (Fig. 43). Under these conditions the 

calculations of Debye ( 38 ) give for the mean intensity I s scattered 

by the gas the expression 

I s = N g p _ ^(2 few)] . (69) 

The term mQjV represents the outer effect; Q is the total volume of 
the spheres of action of all the particles : 

Q = N~( 2a) 3 . (70) 

u 
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<f>{u) is the following function: 

3 

<f>(u) = --(sin'tt — ucosu) (71) 

u 

and 2 ksa = 87ra — , (72) 

A 

remembering that k — 2n/A. In Fig. 44 the function (f>(u ), equation 
(71), is plotted against u. For u = 0 it is found that <p = 1; as the 
value of the argument increases, the function cj) eventually becomes 
zero, and then performs oscillations of decreasing amplitude. 

Each particle may be supposed to scatter X-rays in the same way 
as a Thomson electron, in 
which case /is equal to unity. 

The radius a may be chosen 
so that 2a j . A — 3, the spheres 
having, for instance, a dia- 
meter 2 a — 2*1 A. and the 
wave-length being A = 07 A. 

The factor QjV may be put 
equal to Under these con- 
ditions the scattering function is, neglecting the factor N(a 2 /R 2 ), 

I e = l ± c ??A [1 _ 1 27 t sin 1 6)1 (73) 

It is reproduced in Fig. 45, which shows that a ring having a 
maximum of intensity would be observed at an angle 0 of about 16°. 

1 - 


^ 0 -! 


Fig. 46. (After Debye (38).) 




o 30° o 60" ( X)° 


Fig. 45. (After Debye (38).) 



72 


INTERMOLECULAR INTERFERENCES 


Formerly it had been claimed by some that the presence of an inter- 
ference ring must be connected with the existence of double mole- 
cules, on the grounds that no other cause seemed to be available for 
explaining such an interference effect. The above calculations prove 
that this view is entirely wrong, for it has been supposed in them 
that the particles behave as hard spheres and do not show any 
association, and yet the theory shows that a strong interference 
ring would be observed under these conditions. 

It is also interesting to calculate the scattering function for the 
simplified model of a diatomic gas. Let N spherical impenetrable 
particles of radius a be considered, each containing now, instead of 
one, two spherically symmetrical scattering centres separated by a 
distance L The line connecting these scattering centres passes 
through the centre of the particle, which is therefore at an equal 
distance \l from each of them. With such a system, the interferences 
which take place between two molecules depend not only upon the 
length and orientation of the straight line joining the molecular 
centres, but also upon the orientation of the molecules themselves 
relative to the primary ray. The molecular scattering factors are not 
independent of the orientations of the molecules relative to the 
incident beam, as are the atomic factors. This fact introduces an 
additional complication in the calculations. These give ( 38 ) the 
following result for the value of the mean scattered intensity: 


I - 4N 


1 -f cos 2 0 a\ 
2 R 2 


p 


1 [” 1 ( sin ksF 

2 [/ + ~M~_ 


■Qrsini&sn 2 ) 

TLlwj ^ ( 2 H ; ( ) 


/ is the scattering factor of each diffracting centre, <j> the function 
defined by equation (71) and given in Fig. 44. Here again the term 
in Q/V represents the outer effect. 

With decreasing gas density the importance of the second term 
in equation (74) decreases. At very low densities the ‘outer effect* 
vanishes, and the ‘inner effect ’ alone remains. The scattering 
function then assumes the limiting form 

<™> 

which can be deduced from equation (61) of the preceding chapter 
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simply by multiplying the intensity scattered by one isolated 
molecule by the total number, N, of molecules. 

Equation (74) has been calculated taking 2a/A = 3 and l — a. 
This may, for example, be considered to correspond to a wave- 
length A = 0*7 A., a particle diameter of 21 A. and a distance 
1*05 A. between the scattering centres. The scattering factor / is 
again taken equal to unity. The shape of the scattering function 
depends upon the density of the gas, which is given by the quotient 
QjV . Four curves are drawn in Fig. 46, corresponding respectively 
to the values 0, J, \ and | for this quotient (the factor 4 Nal/R 2, is 
disregarded). The figure shows how the first maximum which, at 
high gas densities, occurs at an angle 6 of about 12° and which is 
due to intermolecular interferences, disappears at low densities. 
A second maximum, which occurs at 0 = 45° and which is due to the 
interference between the two centres contained in each particle, 
remains unaffected by the variations of density. 

In the diffraction of X-rays by real gases, the scattering curve must 
also show a superposition of the inner and outer effects. Now the 
importance of the outer effect must be expected always to be pro- 
portional to the gas density, as it is in the special cases represented 
by equations (69) and (74). By making a series of measurements 
under decreasing gas pressures, therefore, it must always be possible 
to arrive at a determination of the inner effect alone, eliminating the 
outer effect by extrapolating to zero pressure. 

In most experiments made in order to determine molecular 
structures, the pressure of the gas is of the order of 1 atm. and the 
ratio QjV is of the order of only 10 -3 , so that the outer effect may 
simply be neglected, especially when measurements are not made 
at very small values of the angle 9. 

In agreement with this, Herzog (97) observed no pressure effect 
while working with argon under 2*5 atmA, but Harvey (93), using 
nitrogen gas under 60, 80 and 100 atm., found at these high pressures 
a marked decrease of the intensity towards smaller scattering angles, 
as predicted by the theory. 

It must be emphasized that the validity of formulae (69) and (74) 
depends entirely on the assumptions which have been made about 
+ Not 26 atm., see erratum in (9$). 
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the probability function W which is represented by Fig. 43. These 
particular assumptions are a fair approximation in the case of 
ordinary gases, but the conditions are quite different in liquids. 

X-RAY DIFFRACTION BY MONATOMIC LIQUIDS 

Theory. It is found experimentally that a monatomic liquid like 
mercury gives very strong X-ray interferences, as shown in Fig. 47. 
Actually, the interferences are much stronger than would be ex- 
pected according to a formula of type 
(69), even allowing for the fact that 
this equation is strictly valid only for 
low densities. The effect observed must 
be explained by a certain regularity 
in the arrangement of the atoms in 
the liquid, and the mean distribution 
of the atoms in liquid mercury, that 
is, the probability function W of for- 
mula (68) may be derived from the 
experimental scattering curve. 

It is known from its thermodynamic 
properties that liquid mercury is nearly 
a perfect liquid. This being the case, 
it can be assumed that mercury atoms 
act in the same way in all directions 
in space. If we consider two volume 
elements dV x and dV 2 at a distance r 
apart in the total volume F, and two atoms 1 and 2, the probability 
of finding atom 1 in dV x and, at the same time, atom 2 in dV 2 can then 
b. Bp-fed* (76) 

where W is a function of the distance r only . For large distances r, it 
is to be expected that W — I, since all mutual positions are then 
equally probable, and, for very short distances, W = 0 , since the 
atoms cannot interpenetrate each other. The problem is to deter- 
mine W(r) in the intermediate region. 



Fig. 47. Tracing of a microphoto- 
rneter record of the diffraction of 
X-rays by liquid mercury. (After 
Debye and Menke(46).) 
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Debye and Menke(46) first calculate as a function of W(r) the 
mean intensity I s scattered by the liquid, finding 

h = N l+ -^P [l - J J" ( 1 - , (77) 

where d 3 = F/iV, JV* being the total number of atoms, so that d 3 
represents the volume at the disposal of each atom in the liquid; the 
coefficient 7 0 a 2 /i? 2 is omitted in the formula. 

If the dimensionless variable p = rjX is introduced, equation (77) 
can be written 

l = N l + 6 P [l - ~ - s J" ( 1 - I V) sin (27 rps) pdp~j . (78) 

If the function W(r) were known, the angular distribution of the 
mean scattered intensity could be calculated using equation (77) 
or (78). Conversely, it can be supposed that the scattering function 
has been measured experimentally, that is, that I 8 is known as a 
function of 6, or of s. It can be written 

h = N l+C ^ d pE(s). (79) 

Since / 2 , which represents the scattering by an isolated atom, is 
known, the expression E can then be considered as experimentally 
known. From a comparison of equations (78) and (79) it follows that 

«(1 — E) = 2^ 3 - f p( 1 — W) sin (2nps) dp. (80) 

d 6 J o 


Now Fourier’s theorem may be expressed in the following way: if 



f(x) = 2 f 0(g) sin (27rgx)<Zg, 

(81) 

then 

0(g) = 2^ f(x)sin (2nE,x)dx. 

(82) 


This transformation can immediately be applied to equation (80) 
in order to determine W(p), knowing E(s). The following result is 
obtained (46): ™ ^ 

p( 1 — W) = 2 — J 5(1 — E) sin (2irps) ds. (83) 

This relation, which was given first by Zernike and Prins ( 182 ) in a 
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somewhat different form, forms the basis of the determination of the 
distribution function W(r) for liquid mercury. 

Experiments on liquid mercury. The quantitative study of the 
diffraction of X-rays by liquid mercury and the experimental 
determination of the probability function W have been made by 
Menke(i 26 ). 

In order to be able to derive definite conclusions about the struc- 
ture of liquids, accurate measurements of the scattered intensity 
are indispensable. For using the Fourier analysis outlined above, 
it is quite insufficient merely to establish that interference maxima 
occur at some definite angles. A continuous curve of exact intensities 



s — 2 sin \Q 

Fig. 48. Experimental function E(s) for liquid mercury. 

(The curve is drawn for copper radiation of wave-length 1*54 A. The results 
obtained using molybdenum radiation, of wave-length 0-71 A., have been re- 
calculated so as to fit the copper radiation curve, keeping the same abscissa &*, 
and the curve is accordingly prolonged farther than s — 2.) (After Menke(126).) 

covering as large an angular range as possible is absolutely neces- 
sary as a basis for such an analysis.* Menke’s experimental pro- 
cedure, consisting of measuring the diffraction from the free surface 
of the liquid, was chosen in such a way as to obtain the final result 
with as few corrections for secondary effects as possible. The chief 
of these is absorption, the influence of which can in this case be 

t For instance, Zemike and Prins(182) remark that they themselves were un- 
able to use formula (83) on account of the lack of such quantitative data. 

It is hardly necessary to point out that, according to the above mathematical 
developments, there exists no direct and simple relationship between the position 
of the maxima in the intensity curve and that of the maxima in the distribution 
curve W. 
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accurately estimated. The theory given above evidently refers only 
to coherent scattering; the incoherent intensity is therefore cal- 
culated and subtracted from the experimental scattering function. 
Then the function E(s) is calculated according to equation (79), 
knowing the atomic scattering factor / for mercury. E(s) is repre- 
sented by Fig. 48. Next, the integral of equation (83) is calculated 
for every value of p — r/A in order to obtain the function p( 1 — W). 
Hence the probability function W is obtained. It is represented in 
Fig. 49 as a function of r. The meaning of this function is as follows. 



r in A. 

Fig. 49. Probability function W{r) for liquid mercury. (After Menke(126).) 

Let us observe in liquid mercury two atoms, arbitrarily chosen. 
Around one of these atoms, at a distance r, we imagine a shell- 
shaped volume element dV , limited by two spheres having as centre 
the centre of the atom, and accompanying the atom in all its 
displacements. The ordinate W, corresponding to the abscissa r in 
Fig. 49, then gives the mean length of time during which the centre 
of the second atom will be found inside the volume element dV. 

For distances r shorter than about 2 A., the function W is equal 
to zero :+ no mercury atom centre can come closer to the centre of 
another atom than this distance, because the atoms cannot inter- 
penetrate. At slightly longer distances, W rises sharply, and 
presents a prominent maximum at r = 3-3 A.: the atoms therefore 
are often situated such a distance apart. Subsequently, W presents 
a minimum at r = 4*4 A.: this value therefore corresponds but 
rarely to the mutual distance of the atoms. There is another maxi- 
mum of W y less prominent than the first, at r = 6 A., which is 

t The results have verified this down to r = 1 *5 A. At smaller values of r the curve 
oscillates again, due to the fact that the higher order intensity maxima, which 
mainly determine this part of the W curve, are not known sufficiently accurately. 
The curve therefore is not drawn for values of r smaller than 1-5 A. 
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therefore a favoured mutual distance, and a shallow minimum at 
r = 7-3 A., a distance which tends to be avoided. A third very weak 
maximum of W exists at r = 8*5 A. At larger values of r the oscilla- 
tions of the function W become very small. All mutual distances 
above 10 A. occur with almost equal probabilities. 

This structure of liquid mercury is the cause of the strong in- 
tensity maxima obtained in the diffraction of X-rays by this sub- 
stance. This is seen by referring to the theoretical scattering 
function reproduced in Fig. 45, which corresponds to the simple 
probability distribution given in Fig. 43. Compared to those given 
by liquid mercury, the interference effects shown in this scattering 
curve are quite weak. 

In the case of a crystal, the arrangement of the atoms remains 
perfectly regular throughout the lattice. The predominance of 
certain distances is therefore complete; there are no intermediate 
interatomic distances. The probability function W of Fig. 49 ex- 
presses quantitatively to what extent the structure characteristic 
of the crystal, which the motion of the atoms in the liquid must 
tend to destroy, is actually retained in liquid mercury. The cause of 
this quasi -crystalline structure of the liquid is essentially the space 
requirement of each of the atoms: from models made of steel balls, 
distribution functions which are analogous to the above function 
for mercury have been experimentally deduced (126). 

These experiments on the diffraction of X-rays by liquid mercury 
thus prove that, in domains extending , over a few atomic diameters , 
there is a regularity in the spatial arrangement of the atoms in the liquid 
which is similar to that which exists in crystals. + 

X-RAY DIFFRACTION BY POLYATOMIC LIQUIDS 

Using the same technique as for liquid mercury, Menke(i26) has 
obtained for liquid carbon tetrachloride, CC1 4 , the experimental 
scattering function represented by the broken line in Fig. 50. * 

A comparison of this function with that for the free CC1 4 
molecule, shown in Fig. 63 of p. 103, immediately reveals important 

t A recent review of the diffraction of X-rays by liquid elements has been made 
by Gingrich (81). Results somewhat different from Henke’s are given in a recent 
paper by Campbell and Hildebrand (23) on mercury. 

* For more recent measurements on liquid CC1 4 , see (19) and (70). 
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differences at the smaller scattering angles. The first maximum for 
the liquid appears at an angle substantially smaller than the first 
maximum for the gas. This corresponds to the fact that in the liquid 
the distances between molecule and molecule give rise to the first 
maximum, and these distances are larger than the distances be- 
tween the atoms inside each molecule which are responsible for the 
maxima of the gas curve. Towards the smallest angles the intensity 
decreases sharply in the case of the liquid, while it increases for the 
gas. This is a generally observed phenomenon which is explained 
by the above considerations regarding the outer effect. 



Fig. 50. X-ray scattering curves for liquid carbon tetrachloride, measured, and 
calculated assuming free rotation of the molecules CC1 4 in the liquid. The dis- 
crepancies between the two curves prove that the rotation of the molecules in the 
liquid is hindered. (Concerning the abscissa s f see the note under Fig. 48.) (After 
Menke(126).) 

From the fourth maximum of the liquid curve (found at about 
s = 1*1), which corresponds to the second maximum for the gas, the 
two curves agree fairly well with one another — and with the 
theoretical curve for free rotation in the liquid, discussed below. 
This is due to the fact that, at these angles, the outer effect 
practically disappears and the inner effect alone remains (43, Utf). 
At large angles , therefore , the molecules in the liquid scatter nearly as 
if they were isolated and free . 



80 


INTERMOLECULAR INTERFERENCES 


Menke has calculated the scattering function which would corre- 
spond to liquid CC1 4 if the two following assumptions were true: 

(a) The molecules in the liquid can rotate freely. 

(b) The centres of the molecules are distributed in space according 
to a probability law similar to that found for the atoms of liquid 
mercury. 

Fig. 50 shows the theoretical curve which is obtained under 
these conditions. Now this curve is in definite disagreement with 
the observed curve at small scattering angles, where the outer 
effect is important. This proves that the above conditions (a) and 
( b ) are not fulfilled in the actual CC1 4 liquid. A closer discussion leads 
to the conclusion that it is assumption (a) which is incorrect. At 
short ranges, therefore, all relative orientations of the molecules in 
the liquid are not equally probable. The CC1 4 molecules do not rotate 
freely. They do not behave like spheres, although their symmetrical 
structure might have suggested this as a possibility. 

No Fourier analysis of the X-ray data on liquid CC1 4 has been 
made by Menke, because formula (83), giving the distribution prob- 
ability W, is valid for the case of monatomic liquids only. In the 
case of polyatomic liquids, molecular scattering factors must be 
used in the calculations in place of the atomic scattering factors/. 
Since these molecular factors depend upon the orientation of the 
molecules relative to the primary ray, as well as upon the scattering 
angle 6 , their product cannot be brought out as a factor, as has been 
done with the/ 2 products of formula (77). On the contrary, their 
variability must be taken into account in the integration giving the 
mean scattered intensity. The formulae obtained in this way are of 
a form such that the Fourier transformation cannot be applied to 
them. 

It is important to remark that the properties of the scattering 
curve depend both on the probability W and on the probability of 
orientation of the molecules. In principle, it is therefore impossible 
to determine both probability functions using only the data of the 
scattering curve which is a function of one variable only, namely, 
the scattering angle. One of the probability functions must be 
known from another source. Simple a priori assumptions about the 
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probability of orientation of the molecules are not legitimate, 
however, as has been seen for the assumption of completely free 
rotation in liquid CC1 4 . It follows that the arrangement of the 
molecules in a liquid cannot in general be uniquely determined 
from X-ray diffraction experiments alone. And it is evident that 
X-ray diffraction by liquids is not well suited for determining the 
structure of molecules. 

What can in all cases be derived uniquely from the diffraction 
pattern of a liquid, according to Debye (54), is the temporal mean 
S 1 S 2 of the product in which 8 1 and S 2 are the fluctuations of 
electron density occurring, on account of thermal motion, in the 
volume elements dV[ and dV 2 , fixed in space and situated a distance 
r apart. On account of the isotropy of the liquid, S 1 S 2 is evidently 
a function of the distance r only. (If 8 X and S 2 are completely in- 
dependent of one another, S 1 S 2 is equal to zero.) This function 
can in all cases be derived uniquely from the angular distribution 
of the coherent intensity, using the kind of Fourier reversal intro- 
duced by Zernike and Prins. As has been seen, however, it is not 
generally possible, without arbitrary assumptions, to go further 
and to determine the positions and orientations of the molecules, 
whose translations and rotations in the liquid are the cause of the 
density fluctuations 3. 
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CHAPTER VIII 


THERMAL MOVEMENTS IN MOLECULES 

1. VIBRATIONS 

General and experimental. In the preceding chapters, scat- 
tering functions have been calculated assuming that the molecules 
are rigid atomic frameworks. In actual molecules, however, each 
atom oscillates about its equilibrium position on account of tem- 
perature vibrations and zero-point energy. The scattering functions 
must be corrected in order to take this effect into account. In the 
first experiments on CC1 4 gas(io,9), although the general agreement 
of the measurements with the rigid framework theory was satis- 
factory, nevertheless the ratio of the intensity of the maxima to 
that of the minima, especially at large angles, was smaller than was 
predicted by the theory. It is precisely an effect of this kind that 
would be expected to arise from the atomic vibrations. It was 
therefore necessary to see if the amplitudes of the movements 
inside the molecule were of such a magnitude as would quanti- 
tatively explain the observed effect. This question was investigated 
theoretically by James (lio) who concluded that the temperature 
effect is quite slight if one does not go to high values of (sin J#)/A. 
The explanation of the discrepancies referred to above, therefore, 
had to be sought, not in the thermal movements, but in the fact that 
the X-ray radiation used in the early experiments was not strictly 
monochromatic (86). 

In order to prove the existence of such a temperature effect, it 
would obviously, be best to demonstrate experimentally that 
differences exist between the diffraction curves obtained at two 
different temperatures for a given molecule. The temperature effect 
could then be calculated from known molecular constants and 
compared with observation. 

The calculations are easiest for diatomic molecules such as Cl 2 
and 0 2 , but the amplitude of the vibrations is small in these mole- 
cules, and they give no prominent maxima in their diffraction curves. 
Tetrahedral molecules such as CC1 4 or SiCI 4 , on the contrary, give 
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very prominent maxima, and the amplitude of the atomic motions 
is greater in them, while the geometrical conditions remain simple 
enough to allow a theoretical treatment of the problem. Infra-red 
and Raman spectra show that the amplitudes are larger in SiCl 4 
than in CCJ 4 , and James (HO) accordingly chose the SiCl 4 molecule 
for study. A diffraction photograph was taken at 100° C., another 
at 300° C. and another again at 100° C., without making any change 
in the apparatus. The photographs give the first three maxima and 
cover a (sini<9)/A range extending from 0-1 to 0*6 (A in A.). The 
differences between the curves obtained at 100 and 300° C. lie 
within the limits of error (except for an insignificant difference at 
the first maximum). The temperature effect thus appears to be too 
small to be measured. Similarly, van der Grinten(86), using strictly 
monochromatic X-rays and an improved experimental arrange- 
ment, obtained at temperatures of 100 and 320° C. diffraction' 
photographs of CC1 4 which could not be distinguished from one 
another. 

This agrees with the theory. Fig. 51 shows the scattering function 
calculated by James for SiCl 4 , ( a ) using a rigid model, according to 
equation (65), and (6) taking into account the vibrations in the 
molecules at 300° C. The differences between these two curves are 
small. The differences between the curves giving the temperature 
effect at 300 and 100° C. are so much smaller still that they cannot 
be shown on the figure, so that the above experimental results are 
quite understandable. 

The temperature interval 100-300° C. thus being too small to 
produce appreciable differences in the diffraction curves, it remained 
necessary to compare the absolute shape of an experimental with 
that of the corresponding theoretical curve, in order perhaps to 
bring to light the influence of zero-point energy and thermal vibra- 
tions. Here accurate intensity measurements are necessary. Such 
measurements have been made by van der Grinten for CC1 4 (86). 
Fig. 51 shows how slight is the temperature effect to be expected, 
however, and in fact van der Grinten’s observed curve, which is 
reproduced in Fig. 52, agrees satisfactorily with the theoretical 
curve even without temperature correction. The differences between 
the two curves lie within the experimental error. The effect of 

6-2 
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0 0-5 

(sin J0)/A 

Fig. 51. Theoretical X-ray scattering function for the molecule SiCl 4 calculated 
first for a rigid model, and secondly taking into account zero-point energy and 
thermal vibrations at 300° C. (After James (110).) 



0 0*5 

(sin i#)/A 


Fig. 52. X-ray scattering function for the molecule CCi 4 , measured using crystal- 
reflected Cuifa radiation, and calculated without temperature correction, (After 
van der Grinten(86).) 



THERMAL MOVEMENTS IN MOLECULES 


85 


vibrations and zero-point energy in the molecule thus cannot be 
shown experimentally in the range of (sin|#)/A which has been 
investigated in X-ray diffraction. 

As the calculation of the temperature correction is very trouble- 
some, it is interesting to know that in cases such as the above the 
correction is not large. But the theory points out that its importance 
increases rapidly with increasing values of (sin \d)jX, and the X-ray 
investigations have been made only at small values of (sin|#)/A, 
that is, in the region where the most prominent intensity maxima 
are to be found. In electron diffraction by gases, however, the outer 
‘maxima’ of the diffraction pattern are not unimportant, while the 
temperature effect is fundamentally the same as in X-ray diffraction. 
It was actually shown (58,59) in an investigation of CC1 4 by electron 
diffraction that the temperature correction is necessary at the 
fifth apparent maximum in order to obtain agreement between 
calculation and observation. 

As the complete account of this investigation made by Degard 
and van der Grinten has not been published in a readily available 
periodical, it may be useful to give some details here. Smooth micro- 
photometer records of the diffraction photographs were obtained by 
rotating the plate around the centre of the diffraction rings. These 
records are not directly comparable to the theoretical intensity 
curves because they depend upon the law of blackening of the plate 
and upon the sensitivity of the microphotometer. In order to 
solve this difficulty, monotonic curves, without the periodic in- 
tensity terms, were drawn through the experimental records. 
Correspondence was then assumed to exist between the theoretical 
monotonic curve and this experimental curve: this provided an 
experimental intensity scale. The complete experimental intensity 
curve could be derived using this scale, but in fact the following 
procedure was employed. Tangents to the two curves were drawn 
at the intersection of the monotonic curve with the complete curve, 
these making respectively with the abscissa the angles oc and / ? * 
Now, from the correspondence assumed above, it follows that the 
ratio tan a/tan ft must be the same for the microphotometer record 
and the theoretical intensity curve. Basing the calculations on a 
rigid model, it was impossible to obtain such an agreement at the 
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fifth maximum, even when wide changes were made in the experi- 
mental conditions. The curve is more inclined in A than is predicted 
by the theory (Fig. 53). The monochromatism of the electron beam 
was controlled. It was also verified that no decreasing parasitic 
background existed on the photograph and a tube was built to absorb 
the primary beam shortly after the diffraction, but the disagreement 
persisted. Then the calculations of James were applied and gave 
the point curve of Fig. 53, which corresponds better with the : 



Fig. 53. The fifth apparent maximum of the electron diffraction curve for the 
molecule CC1 4 , experimental and theoretical. The theoretical curve has been 
calculated, first for a rigid model and, secondly, using James’s temperature 
correction. (After Degard and van der Grinten(59).) 

a 

measured curve. Further verification was obtained by a study of the 
first maximum, for which the temperature correction is negligible. 
Fig. 54 shows that measured and calculated curves there are in 
agreement. 

Theoretical. The problem of the scattering of radiation by a 
free molecule built of oscillating atoms has been treated classically 
by James (no).t The scattering function is the mean of the intensity 
scattered by the molecule, this mean being taken (a) for all possible 
positions of the atoms in the molecule, and ( b ) for all orientations 

t See also Debye (55), 
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of the molecule in space. In the same way as the classical treatment 
of the scattering by one-electron atoms gives the total scattering, 
coherent plus incoherent, of this atom, James’s calculations must 
give the sum of the coherent intensity scattered by the molecule, 
plus the incoherent intensity which is due to intramolecular vibra- 
tions. The incoherent scattering of the atoms themselves must be 
added separately. 



Theoretical 



Experimental 


Fig. 54. The first maximum of the electron diffraction curve for the molecule 
CC1 4 , experimental and theoretical. (After Degard and van dor Grinten(59).) 


In the range of (sin^0)/A which has been investigated, the result 
may be written , as a good approximation, 


/ 0 1 + cos 2 Q 
W ' 2 ‘ 


t 




sin Xjj 

vfih 






(84) 


The symbols have the same meaning as in formula (65) which has 
been obtained for the case of a rigid molecule, but here represents 
the distance between the equilibrium positions of the atoms i and j , 
and the exponent —A^ of the new exponential factor is given by 


A(j ^ dl%, (85) 

fflfj being the mean square variation of the distance between atoms 
i and^*. This formula differs from the rigid frame formula (65) only 
by the introduction of the factors e~ A \ it becomes identical with it 
for JZ 2 ~ 0 , which makes e~ A = 1 . It must be noted that the cor- 
rections er A apply only to the periodic intensity terms of the double 
sum, that is, to those for which i ^j. For, when i = j, l u — 0 , and 
is evidently zero. In particular, it may be worth pointing out 
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that, in the case of monatomic gases, the double sum reduces to 
/ 2 and there is no temperature or zero-point energy correction. 

In the simple case of the Cl 2 molecule, for instance, the double 

sum 2 S °f formula (84) is written 

i j 


2/c 2 i 



( 86 ) 


l being the mean distance between the two atom centres in the Cl 2 
molecule. From the data of the Raman spectra, it is calculated that 


A = 


0-153 x 


sin 2 W 
A 2 ^’ 


(87) 


A being measured in A. For Cu Kol radiation (A = 1-54 A.) and for 
6 = 120°, A is approximately equal to 0-046. Thus, the temperature 
correction at this angle is only about 5 % of the periodic part of the 
scattered intensity, and it may therefore easily be within the limits 
of error of the measurement of the total scattered intensity. 

In polyatomic molecules the displacements of the different atoms 
are not independent of one another. The molecule containing N 
atoms forms a system of N coupled oscillators. Any small vibration 
of the system can be expressed as a linear combination of 3 A — 6 
normal vibrations. The frequencies of the normal vibrations may 
be derived from the data of Raman and infra-red spectra. According 
to wave-mechanical theories, it is then possible to calculate the 
quantities <5®^ from a knowledge of these frequencies. The calcula- 
tions in practice are difficult and elaborate, but they have been 
made for the molecules CC1 4 and SiCl 4 . Table III gives the values 
of for the distances C-Cl or Si-Cl and the distances Cl-Cl in 
these two molecules at three different temperatures. 


Table III. (After James (HO)) 


Tem- 

perature 

(^C-Cl ) 4 or (^Si-Cl)* i 11 A. 

* n A. 

0° K. 

373° K. 

573° K. 

0° K. 

373° K. 

573° K. 

CC1 4 

SiCl 4 

0051 

0*043 

0-056 

0*049 

0*062 

0*056 

0*054 

0*061 

0-076 

0*098 

0-092 

0*120 
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This table shows that the amplitude of the zero-point energy 
vibrations is large. The increase of amplitude occurring between 
0 and 373° K., and between 373 and 573° K. is in comparison rather 
small. The major part of the temperature effect is therefore due to 
the zero-point indeterminacy of the position of the atoms in the 
molecule. 

Fig. 55 represents the quantities e~~ A v, in terms of (sin|0)/A, 
calculated for the Cl-Cl and C-Cl distances in CC1 4 at 300° C., 
according to equation (85) and using the data of Table III. Up to 
(sin W)/A = 0-6, the correction factors e~ A are not very different 



Fig. 55. The temperature correction factors e~ A H for the molecule CC1 4 at 300° C.: 
above, for the C-Cl distances, below for the Cl-Cl distances. (After Pirenne(145).) 

from unity, and the measurements accordingly are little affected 
by the temperature correction in this range. In the neighbourhood 
of (sin|#)/A = 1*0, however, the correction reduces the periodic 
intensity terms by about 30 % for the C-Cl distances and by 50 % 
for the Cl-Cl distances. As has been seen above, this effect has been 
experimentally observed at the fifth apparent maximum in an 
electron investigation of CC1 4 . Although the matter has not been 
quantitatively investigated, the correction should make itself felt 
still more in the upper half of the range of (sin |0)/A, reaching up to 
about 2-0, which is covered by many electron investigations. At 
still higher values of (sin£#)/A, the importance of the undulations 
of the scattering curve must be expected to be drastically reduced. 
At (sin |#)/A = 2*0 the Cl-Cl interferences would be reduced by a 
factor 0*08, and at (sin£0)/A = 3*0, they would be reduced by a 
factor 0*002, which means that they would become practically 
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invisible. The last remarks have only an indicative value, however, 
for equation (84) mav not have a sufficient accuracy at large values 
of (sin£0)/A. 

In the diffraction of X-rays by crystals, as is well known, the 
influence of the thermal and zero-point energy vibrations is very 
important.^ It is of interest then to inquire why, contrary to what 
was at first expected, this is not also the case in the diffraction by 
gas molecules. The first reason is that the scattering pattern for 
crystals, consisting of sharp intense lines appearing on a light back- 
ground, is very different from that of gases. A lowering of the 
intensity of these lines on account of the temperature effect is easily 
measurable. In the case of gases, on the contrary, an equivalent 
lowering of the broad maxima which appear superposed on to an 
intense background must naturally be less easy to detect. The second 
reason is that the atom displacements are smaller in molecules than 
in crystals. The theory of the temperature effect in crystals, as 
developed by Debye (30, 31) and Waller (168,169), leads to a correction 
factor for the coherent intensity lines which is analogous to the 
factor e~ A ij for gas molecules. In the case of interference between 
the same kind of atoms, the characteristic values 2uf t , equal to 
twice the mean square of the atom displacements in the direction 
norma] to the reflecting planes, replace the values 8lJj for gas scat- 
tering in formula (85). Now the amplitudes of the vibrations are 
much greater in the case of crystals, as is shown by Table IV, which 
gives the values of (51?^)* and (2u^)^, and the interatomic distances, 
in the molecules Cl 2 and CC1 4 and in the crystal KC1, at a temperature 


Table IV. (After van der Grinten(86)) 


Cl a gas 

fai-ci = 2*0 A. 

(M^)i = 0-044 A. 

CC1 4 gas 

Zci-ci = 2-86 A. 

= 0-069 A. 

KC1 crystal 

fa-ci = 4*4 A. 

= 0-21 A. 


In brief, the influence of thermal vibrations is less noticeable in 
X-ray diffraction by gases than by crystals, partly because the two 
kinds of scattering patterns are different and partly because the 
amplitude of the atomic vibrations is different in the two cases. 


t See Chapter iv. 
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II. ROTATING GROUPS IN MOLECULES 

Two groups of atoms united in a molecule by a single carbon-carbon 
bond may rotate around this bond as an axis. Diffraction methods 
may give quantitative information as to the extent of such rotations, 
because the amplitude of such atomic displacements is generally 
greater than in the case of vibrations. As an example, the results 
obtained by Ehrhardt(67) on 1 . 2-dichloroethane, C1H 2 C — CH 2 C1, 
will be discussed. As will be seen later, the H atoms do not need to 
be taken into consideration in X-ray scattering and the molecules 
can be represented by the model of Fig. 56. The atoms marked 
C, C* and Cl* may be taken as a frame of reference. The problem is 
to determine the probability of finding the atom Cl at an arbitrarily 
chosen angle <j> from the trans position. 

The experimental diffraction curve has a general resemblance to 
the experimental curve obtained by the same author for trans 
dichloroethylene, C1HC=CHC1. It is therefore probable that the 
molecule C1H 2 C — CH 2 C1 has approximately a trans configuration. 
Although agreement is obtained as far as the principal character- 
istics are concerned, discrepancies persist when curves calculated for 
rigid trans models of C1H 2 C — CH 2 C1 are compared with the experi- 
mental curve. The cause of these discrepancies must be ascribed to 
thermal movements in the molecule. 

The possibility of completely free rotation has to be ruled out, 
because the assumption of equal probability of finding the atom Cl 
at any angle <j> leads to calculated curves incompatible with observa- 
tion. The existence of a mixture of rigid trans and cis configuration 
must also be excluded on the same grounds, as well as another rigid 
model which had been suggested by van’t Hoff and Wislicenus and 
in which the atom Cl is at an angle <j> — 60° from the trans position, 
facing an H atom of the opposite C*H 2 C1* group. 

The only remaining possibility is a distribution function for the 
atom Cl presenting a maximum at 0 = 0. This means that the Cl 
atom would oscillate around the more stable trans position. Using 
Boltzmann-Maxwell statistics and the experimental value of the 
dipole moment of the molecule such a distribution function has been 
calculated. It is represented, at the boiling-point of the substance, 
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by the full line in Fig. 57. This function allows the calculation 
of a scattering curve which agrees well with the experimental 
curve. A rotation of limited extent 
therefore occurs around the trans 
position in the molecule. 

Attempts have been made, but 
in vain, to find a difference in the 
diffraction patterns obtained at 
temperatures differing by 100° C. 

The broken line in Fig. 57 repre- 
sents the distribution function 
calculated for a temperature 1 00° C. higher than that corresponding 
to the full line. The theoretical scattering curve calculated using the 
new distribution also differs but very little from the first curve. This 



is understandable if it is borne in mind that the Cl* Cl* distance is 
the only distance in the molecule which varies with the angle 0, the 
distance between C and C*, and the four distances between the 
C and Cl atoms remaining constant during the rotation. Moreover, 
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the molecules in trans or nearly trans positions remain in the 
majority at both temperatures, the change in the number of mole- 
cular configurations corresponding to large values of the angle <j> 
being relatively unimportant when the temperature is raised by 100°. 

In contradistinction to X-ray diffraction measurements, dipole 
moment measurements can detect a temperature effect in mole- 
cules such as C1H 2 C — CH 2 C1; the experimental value of the moment 
varies with the temperature of the gas. In this connexion it must 
be observed that the dipole moment of molecules which are nearly 
in the trans configuration is very small. Accordingly, a small varia- 
tion in the number of molecules having configurations notably 
different from the trans configuration, and having therefore large 
dipole moments, can produce an appreciable change in the mean 
value of the dipole moment of the molecules of the gas. 

The diffraction of X-rays by some other molecules containing 
rotating groups, viz. 1 .2-dichloropropane, C1H 2 C^— CHC1 — CH 3 , 
1 . 3-dichloropropane, C1H 2 C — CH 2 — CH 2 C1 and 1 . 5-dichloropen- 
tane, C1H 2 C— CH 2 — CH 2 — CH 2 — CH 2 C1, have been studied by 
Berger (7 ) t 

A theoretical discussion of the influence on the electron diffraction 
patterns of atomic vibrations and of free or hindered rotation of 
molecular groups in molecules has been made by Debye (55), who 
discusses the results in terms of the ‘ radial distribution ’ * method 
of analysis of the pattern. 

+ The CH 2 C1 — CH 2 C1 molecule has been investigated also by electron diffrac- 
tion (4). The ‘visual method’ of interpretation led to the result that there is a 
decided preference for the trans configuration. Internal rotation in the molecules 
BrH 2 C—CH 2 Br and ClH 2 C-~CH 2 Br(5), and C1 2 HC— CH 2 C1(165) has also been 
studied by electron diffraction. 

* See Chapter xi. 
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THE CHEMICAL BOND 

It has been emphasized in Chapter vi that all equations making use 
of the atomic scattering factors/ — such as equations (65) and (84) 
— are valid only when the density of charge in each atom of the 
molecule is a function merely of the distance from the atomic centre, 
or, in other words, only when the electron clouds of all the atoms 
have spherical symmetry. Thus, since the chemical bond between 
two atoms is accompanied by a distortion of the electron atmo- 
spheres of these atoms, equations (65) and (84) are not strictly valid 
for calculating the scattering by actual molecules. The error in- 
volved is generally small, however, as has been pointed out by 
Debye ( 44 ), because the bonding electrons are outer electrons and 
therefore contribute but little to the scattering. 

In the section on atomic scattering factors in Chapter i, it was 
pointed out that the outer electrons of the atom are distributed in 
a large and diffuse charge cloud in which important effects of 
destructive interference occur. For this reason, although the 
distribution of these electrons is less well known than that of the 
inner electrons, this uncertainty does not affect to any marked 
extent the accuracy of the calculations of the / factors. The in- 
significance of the outer electrons in the scattering curve of the atom 
is strikingly illustrated by the calculations of the scattering factors 
/ of aluminium, for different states of ionization, made by James, 
Brindley and Wood, using Hartree’s method. These authors 
write ( 108 ) that 'at all angles of scattering at which spectra can be 
obtained from the aluminium crystal, the values of / for the different 
possible states of ionization of the aluminium atom differ by less 
than the errors of the experimental determination of/’; this is 
shown in Fig. 58. It is evident, therefore, that if measurements are 
made at values of (sin \6)jX which are not lower than, say, 0*2, the 
influence of the deformation of the outer electronic atmosphere by 
the chemical bond will be negligible, since it is then impossible even 
to see if the outer electrons are present or not. It must, however, be 
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noted that if, in the case of a crystal, it is impossible to decide 

between such curves as these, it is not impossible in the case. of a 

gas, because there no limitation 

exists in principle to measure- 12 

ments at very small scattering 

angles. 10 

It follows that representing 

a molecule as a juxtaposition 

of atomic charge distributions, ^ 

each of which possesses central 

symmetry, is, in general, a good 

approximation. On the other 

hand , if discrepancies were fou nd 2 

between experimental curves 

and theoretical curves calculated „ 

0 0-2 0-4 0-6 0-8 1*0 

on the above basis, they would , . 

J (sin \0)j\ 

be interesting because informa- 
tion micrlit hp crainp H from thprn Fig * 68 * Atomic ottering factors / cal- 

tion mignt be gamed Horn tbem oulated for the A i++ and A i++- t i ong 
about the distribution of the by James, Brindley and Wood (108). 
bonding electrons. 1 " A theoretical 

basis for such an investigation could be given by the extension to 



more complicated cases, for instance, to two-centre systems, of the 


Thomas-Fermi method which is used with success in the calculation 


of the electron distribution in free atoms. But attempts (106) in this 
direction have not been very successful. This is unfortunate be- 
cause it is impossible, without independent assumptions, to derive 
uniquely from the scattering function the charge distribution in 
the molecule, as will be seen in Chapter xi. 


NEON-LIKE MOLECULES 

Interesting conclusions can be deduced from the experimental 
study of series of molecules which contain increasing numbers of 
bonding electrons, such as the series Ne, HF, H 2 0, H 8 N, H 4 C. The 
above considerations concerning aluminium do not apply to such 

t Hoffmann (102) has found some discrepancies between theory and experiment 
for the C0 2 molecule, but further experiments on monatomic gases would be neces- 
sary before definitely ascribing them to the chemical bond. 
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a very light atom as hydrogen, which is a constituent of four of the 
above molecules. In this atom there is not a sufficient density of 
electrons around the nucleus to give important X-ray coherent 
scattering at angles where the influence of the outer part of the 
atmosphere has become negligible: the whole electron atmosphere 
consists of one bonding electron only. For this reason, no hope 
exists of locating the hydrogen atom centre by X-ray diffraction. 
But, on the other hand, the molecules listed above are especially 
favourable cases for a study of the distribution of bonding electrons. 



(sin £tf)/A 

Fig. 59. X-ray scattering functions for Ne, H 2 0, NH 3 and CH 4 . 
(After Thomor(162).) 


All of them contain the same total number, 10, of electrons. On 
account of the differences in the arrangement of the positive charges 
in the molecule, the spatial distribution of this electronic charge 
must be expected to vary from molecule to molecule. These differ- 
ences must have repercussions on the characteristics of the various 
scattering functions. 

Fig. 59 represents the experimental scattering curves obtained 
by Thomer(i62) for Ne, H 2 0, NH 3 and CH 4 , and the theoretical 
curve for Ne. (Other measurements on neon have been found to be 
in agreement with the theoretical curve, as seen in Chapter iv; the 
disagreement observed here at small angles is due to the use of 
imperfectly monochromatized radiation for the scattering by neon.) 
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The ordinates of all the curves have been taken as being equal at 
high scattering angles, in order to adjust them to the same scale. 
This procedure finds its justification in the facts that, for values of 
(sin J0)/A larger than 0*5, the incoherent intensity is predominant 
and tends in all cases towards Z — 10, and that the coherent in- 
tensity which persists originates almost exclusively from the inner 
K electrons, which are not influenced by the presence of the H atoms. 
For 6 tending to zero, all scattering functions should tend towards 
Z 2 = 10 2 = 100, but measurements were not made at very small 
angles. 

Going from Ne to CH 4 , the scattering functions are observed to 
become steeper and steeper. It must be expected that the less con- 
centrated the electrons around the central nucleus, the steeper the 
corresponding scattering function will be. It can therefore be con- 
cluded that the electronic atmosphere is more and more diffuse 
when one goes from Ne to CH 4 , that is, when the number of 
positive nuclei in the molecule becomes larger. 

At values of (sinJ<9)/A larger than 0*35, the molecules scatter 
X-rays in the same way as if they were free 0, N or C atoms, but at 
smaller angles marked differences exist, and Thomer has made a 
quantitative discussion of the shape of the curves in this region. 
Representing the H 2 0 molecule by a juxtaposition of spherically 
symmetrical O and H atoms, according to equation (05) of Chapter vi 
(interference-like treatment), gives better agreement with measure- 
ment than considering it as an isolated O atom and thus disregarding 
the H atoms altogether. (The curve calculated by this interference- 
like treatment presents neither maxima nor inflexion points be- 
cause the interatomic distances are too small in comparison with 
the, size of the electronic atmospheres of the atoms.) The curve 
calculated in this way, however, is too steep, and the same state of 
affairs exists for the other molecules. This means that the O-H, 
N-H and C-H interferences are less marked than is implied by this 
treatment. The molecules resemble more closely the neon atom than 
is assumed in the juxtaposition model, that is, the H electrons must 
enter to some extent into the atmosphere of the central atom. This 
conclusion is in agreement with findings based on the diffraction of 
light (158) by the same molecules. 
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It was therefore deemed advisable to try and represent the total 
electron atmosphere of these molecules as a centrally symmetrical 
cloud. For that purpose, use was made of the interpolation method, 
mentioned in Chapter i, which has been used by James and 
Brindley ( 109 ) for the calculation of atomic scattering factors which 
have not been directly calculated by Hartree’s method. It was 
possible to choose the ‘ screening constant 5 s, which characterizes the 
field and gives a measure of the extension of the charge cloud, in such 
a way that the calculated curves fit closely the experimental curves. 
The question of the incoherent intensity scattered by these neon- 
like models was also discussed. The differences in the incoherent 
intensity scattered by the molecules H 2 0, NH 3 , CH 4 are very small; 
it was shown that the method of Heisenberg-Bewilogua for cal- 
culating this intensity has a sufficient accuracy. 

Thorner points out that it is not proved that the charge distribu- 
tion in these molecules is really spherically symmetrical, but only 
that the results of X-ray diffraction can be described by a spheri- 
cally symmetrical model. This model gives a simple method for 
calculating the scattering factors of organic groups such as CH 3 , 
CH 2 , CH, NH 2 , NH and OH. In practice all that is needed is to 
determine the screening constant s. In this connexion it must be 
noted that a good approximation is already obtained by using the 
s value of the central atom in the neutral state, and considering the 
H electrons as part of the atmosphere of this atom. This treatment 
is superior not only to the mere neglecting of the H atoms in the 
molecule, but also to the interference-like treatment, which in- 
volves a large amount of numerical calculation. 

This method of calculation is evidently of practical importance 
in many X-ray investigations, such as the study of liquids. For 
technical details the reader is referred to Thomer’s paper, which 
contains a study made on these lines of the diffraction curve of the 
C fi H« molecule. 
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THE USE OF X-RAY AND ELECTRON DIFFRAC- 
TION FOR THE DETERMINATION OF THE GEO- 
METRICAL STRUCTURE OF FREE MOLECULES* 

Wren fast electrons are scattered by gas molecules they give 
diffraction patterns analogous to those of X-ray diffraction. It has 
been seen in Chapter v that under usual conditions the intensity 
of interaction with matter is much greater in the case of electrons 
than in the case of X-rays. Electron diffraction photographs can be 
obtained with much shorter exposure times than X-ray photo- 
graphs. The intensity of the outer part of electron diffraction pat- 
terns, however, decreases so rapidly with increasing angle that the 
very outer diffraction rings may be very weak. In X-ray diffraction, 
there is no such general decrease of the total scattered intensity 
with increasing angle, but this is of little avail in determining 
molecular structures, for, at high values of (sin \6)jX, the importance 
of the coherent, relative to the incoherent, radiation becomes very 
small. This not being the case in electron diffraction, this method is 
preferable for studying the angular variation of the coherent 
intensity at high values of (sin J0)/A, notwithstanding the faintness 
of the intensity in this region. 


ATOMIC FACTORS / AND F 

The atomic scattering factor / for X-rays has been defined in 
Chapter i. The corresponding atomic scattering factor F for 
electrons has been defined in Chapter v by the following equation: 

"(#T 

Equation (91) below, which gives the electron intensity scattered 
by a free molecule, is fundamentally similar to that for X-rays, 
/ being replaced by F. 

+ See also Bewilogua(8, 11). 
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It is interesting for a given atom to compare the X-ray scattering 
factor/ with the function (Z—f), which represents the scattering 
power of the atom for electrons disregarding the factor 

[477(sin |#)/A]~ 2 , 

which is the same for all atoms and which can be eliminated experi- 
mentally (50, 57). At increasing values of (sin |#)/A, destructive inter- 
ferences in the electron atmosphere reduce more and more the 
X-ray scattering factor / of the atom. Now in electron diffraction 
the very same function / represents the screening of the electron 
atmosphere of the atom: it is therefore the screening, not the scat- 



(sin 0/2 )/A 

Fig. 60. Functions / and 1 — / for the hydrogen atom. 

tering power, which in this case decreases with increasing angle. 
While the atom therefore becomes less and less ‘visible’ for X-rays, 
it becomes more and more 4 visible 9 for electrons, always disregarding 
the factor mentioned above. Fig. 60 represents the / and 1 — / 
functions for the hydrogen atom. When (sin-|<9)/A is greater than 
unity, the atom no longer scatters coherent X-ray radiation, while 
its scattering power for electrons becomes as great as if it were a 
naked nucleus. Hydrogen is an extreme case, and for heavier atoms 
the above situation will only be found at much higher values of 
(sini|0)/A, on account of the greater density of the inner electron 
atmosphere, especially of the K shell. 

For X-rays the importance of each periodic term in equation (93) 
given below is determined by the product /J/ In the corresponding 
equation (91) for electron diffraction it is determined by the pro- 
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ducts F^Fj. It is therefore useful to compare with each other the 
scattering factors of different atoms, both for X-rays and for 
electrons. Fig. 37 of Chapter vi represents the X-ray scattering 
factor per electron, f/Z, for several atoms from H to Bi. It shows 
that the heavier the atom the slower is the decrease of f/Z. Referring 
to equation (88) defining F, this means that, while light atoms 
scatter X-rays proportionately less than heavy ones, they scatter 
electrons proportionately more than heavy ones. As an example, 
the case of the carbon and iodine atoms may be examined more 
closely. For two atoms A and B the ratios 

K X (A, B) for X-rays, (89) 

Jb^a 

and K e (A, B) = for electrons, (90) 

give the importance of the scattering power of A relative to B per 
unit nuclear charge. Fig. 61 shows that, except at 0 == 0, where 
/ = Z and K X (A, B) = l, the ratio K Y (C, I) is smaller than unity, 



Fig. 61. The importance of the unit scattering power of the C atom, relative to 
the I atom, for X-rays (K x ) and tor electrons (K E ). (After Pirenne(145).) 


while K e ( C, I) is greater than unity. This means that the atomic 
scattering factors are far from being proportional to the atomic 
numbers. At (sin|#)/A = 0-6, instead of being as 6 and 53, the 
atomic scattering factors of C and I for X-rays are as 6 and 92, and 
for electron rays they are as 6 and 39. 
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SHAPE OF THE X-RAY AND ELECTRON 
DIFFRACTION CURVES 


Starting from the fundamental formula (56) and using again the 
assumption of spherical symmetry of the atoms constituting the 
molecule, which has allowed the use of the factors / in X-ray dif- 
fraction, the following expression is obtained for the scattering of 
rapid electrons by a free molecule (12«) 


l s(E) 
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Using equation (88) this can be written 


T - •*» 4 
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Li i 

coherent 


+ S^]. 

incoherent 


(92) 


The symbols have their usual meanings, given above in connexion 
with equations (52) and (65) of Chapters v and vi. To take the 
temperature effect into account the products F i F j in equation (91) 
should be multiplied by the factors er A v, in the same way as the 
products f t fj are multiplied by these factors in equation (84) of 
Chapter vm. 

Equation (92) for electron diffraction may be compared with the 
corresponding equation (65) for X-ray diffraction, reproduced here, 
without the relativistic correction Q : 


I - k 

dx) R 2 


1 + cos 2 0 „ 

- a 2 


Li i x ij i J 

coherent incoherent 


(93) 


The most important difference between equations (92) and (93) is 
the presence in (92) of the coefficient [47r(sin£0)/A]~ 4 ,t which 
determines the characteristic shape of the electron diffraction curve. 
On account of this factor, the decrease in intensity with increasing 
scattering angle 6 is so rapid that, as a rule, neither maxima nor 
minima are observed, and the scattering function shows only points 

f For = 0, equation (92) would make l g infinite, but (128) this formula is not 
valid for very small angles. 
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of inflexion. This is illustrated by Fig. 62 which gives the electron 
scattering function for CC1 4 . The contrast 
with Fig. 63 is striking. The latter figure gives, a 
for the same molecule, the X-ray scattering 
function, which presents five actual maxima. 

If, however, the influence of the factor 
(sin |#)~ 1 * * 4 can be counterbalanced, equation 
(92) becomes essentially reduced to the ex- 
pression between square brackets. Then the 
scattering function shows actual maxima 
which may even be more prominent than in 
the case of X-rays, on account of the differ- 
ence, discussed above, in the behaviour of 
the functions ( Z — /) and/. By using a suit- 
able rotating sector between the photo- 
graphic plate and the scattering gas jet, 

P.P. Debye (50,57) has been able to obtain elec- 
tron photographs showing actual maxima 
and minima, not only in the case of mole- 
cules such as CC1 4 (Fig. 64) but also in the the photometer records of 
owe of NH» (Fig. 65). The latter case of ^SZSXSSZ 
course is especially interesting because this obtained by using the ordi- 
type of interference cannot be obtained by nar J ( a ) v an . d .^ he 

J sector method (6). (After 

X-ray diffraction.t p.p. Debye (56).) 




Fig. 65. Tracing of the photometer record of an electron diffraction photograph of 
the molecule NHg obtained by using the sector method. (After P.P. Debye(57).) 

1 On the sector method see also Debye (52), Yearian(181), Finbak(185), Finbak, 

Hassel and Ottar(184) and Bauer (3). 

The use of such a method in the study of electron diffraction by gases was first 

suggested by Finbak ( 183) . 
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INFLUENCE OF THE CHEMICAL BOND 
It has been shown in Chapter ix that, in X-ray diffraction, the 
influence of the chemical bond — and, more generally, the scattering 
by the outer electrons — is appreciable only at small values of 
(sin|#)/A. The same applies to electron diffraction, since under 
conditions where the X-ray factor / can be used, the electron factor 
Z — / can also be used. But the error at small scattering angles due 
to the chemical bond is likely to be more important for electrons 
than for X-rays. For, at small values of (sini$)/A, the scattering 
factors /do not differ much from Z, so that, for the same absolute 
error in/, the percentage error will be greater in (Z— /) than in/; 
for example, iff = 0-9Z, a one per cent difference in / makes a ten 
per cent difference in (Z— /). It follows that for studying the dis- 
tribution of the outermost electrons, electron diffraction may be a 
more sensitive method than X-ray diffraction. 

For shorter and shorter wave-lengths, electron scattering tends 
towards the ‘Rutherford scattering’, which is due to the nuclei 
alone, but actually this limit is reached only at very high values of 
(sin |60/A, except in the particular case of the hydrogen atom. In 
the range of most electron diffraction measurements, although the 
influence of the chemical bond, which involves the outermost 
electrons of the atom, is very small, the screening, which is due to 
the entire electron atmosphere, generally remains important. In 
X-ray diffraction, the influence of the chemical bond is also usually 
negligible and, except for very light atoms, the radiation in effect is 
scattered by the more compact inner electron shells. These con- 
stitute a spherically symmetrical system the centre of which 
coincides with the position of the nucleus, t As electrons are scattered 
by the atomic nucleus, screened by the very same electron shells, 
no discrepancy must be expected between the results given by the 
two diffraction methods. 

Careful measurements on CC1 4 made by Degard, Pierard and 
van der Grinten(58) have shown that X-ray diffraction and electron 
diffraction actually lead to the same values of the interatomic dis- 
tances in the molecule. The value of 2*86 A. for the Cl-Cl distance 
can be considered to be exact within limits of error of ± 0*01 A. (50). 

+ On this subject see also Stuart (159). 
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The location of such a light atom as the hydrogen atom is possible 
by electron diffraction, as has been seen above. As an example, the 
scattering of electrons by the H 2 0 molecule may be considered. Two 
approximations to the (Z —f) factors can be made: either the three 
atoms forming the molecule are considered to be surrounded by the 
same electron atmospheres as if they were free (approximation I), 
or the molecule is represented as made of two naked H nuclei and a 
neon-like central atom according to Chapter ix (approximation II). 
Fig. 66 gives the value of the ratios K k ( H, O), defined by equation 
(90), according to approximations I and II. When (sin \0)jX is less 
than 0-4, the difference between approximations I and II is very 



great: this region should be used for studying the chemical bond. 
Beyond 0-8, approximations I and II are practically the same: the 
K electrons of the O atom are the only ones still giving effective 
screening. Between 0*4 and 0-8 there are differences, but they are 
not very important. As it is likely that some electronic screening 
remains around the H nuclei in this region, even if it is only due to 
the electron atmosphere of the O atom, approximation II is 
probably an exaggeration and one can have confidence in approxi- 
mation I. Accordingly, at values of (sin|0)/A above 0*4, ordinary 
scattering factors can be used in the calculations as a formal 
representation. For all molecules, therefore, even those containing 
hydrogen atoms, the electron diffraction calculations can be made 
using equation (91), that is, using for all atoms the scattering 
factors F defined by equation (88); this approximation, however, 
becomes unreliable at small diffraction angles. 
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THE LOCATION OF LIGHT ATOMS IN MOLECULES 
CONTAINING BOTH LIGHT AND HEAVY ATOMS 

The influence of the size of the atoms and of the distance between 
them in the diffraction of X-rays by a diatomic molecule has been 
discussed in Chapter vi. A molecule such as F 2 , in which the electron 
atmospheres are diffuse and the interatomic distance is short, will 
give diffraction patterns much less favourable to the determination 
of the interatomic distance than the molecule Br 2 , in which the 
distance Br-Br is greater than F-F and in which the electron atmo- 
spheres are more concentrated. Now it must be observed that in 
equations (91) and (93) the quantities that matter in this connexion 
are products of scattering factors, not scattering factors taken 
separately. A molecule such as I Cl probably will give nearly as good 
a pattern as Br 2 , although one of the atoms it contains is three times 
lighter than the other. It is evident, however, that if one of the 
atoms has a scattering factor which becomes vanishingly small as 
soon as the influence of the chemical bond becomes negligible, as 
would be the case for HBr, measurement of the interatomic distance 
by X-ray diffraction is impossible. On the other hand, measurement 
by electron diffraction of such distances as H-Br always remains 
possible, since the scattering of electrons by the H atom never 
becomes vanishingly small in comparison with the scattering by 
heavier atoms. 

In polyatomic molecules, the importance of each distance is 
given by the product/^ or F i F j . Distances between heavy and 
heavy, between heavy and light, between light and light atoms are 
of decreasing importance. As examples of molecules containing 
atoms of different weights, the case of the chloromethanes may be 
examined. In the electron investigation of the molecule CH 3 C1, 
the H-H distances are not important, but the three H-Cl distances 
are by no means negligible; the factor 

3 iji F CI _ 3( 1 — /h) v 

F c F cl 6— / 0 

which gives their importance relative to that of the C-Cl distance, 
is equal to 3x0-96/4*6 = 0-64 for (sin|0)/A = 0-6. Moreover, the 
undulations due to these H-C distances will be relatively sharp, 
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since they are longer than the C-Cl distance. It follows that the C-Cl 
value obtainable by electron diffraction alone depends to an 
appreciable extent on the assumptions which are made about the 
position of the H atoms in the molecule. And assumptions about the 
H atoms have to be made because the parameters are too numerous 
to be all easily determined using only electron diffraction. Now if 
X-ray diffraction is used together with electron diffraction, the 
conditions are more favourable, for the H atoms are ‘invisible’ in 
the X-ray method, which thus should give without ambiguity the 
C-Cl distance, only parameter left in this case. Once the C-Cl 
distance is known, it should be possible to locate the H atoms by 
electron diffraction measurements. 

In the case of X-ray diffraction, the molecule CH 2 C1 2 can be 
considered as a CC1 2 group, the two C-Cl distances having ail im- 
portance, relative to the Cl-Cl distance, equal to 2/c</oi//ci = d*5. 
This case is more favourable to the determination of the valency 
angle Cl-C-CI than the case of the molecule CHC1 3 , where the three 
C-Cl distances have, relative to the three Cl-Cl distances, an 
importance equal only to 0-25. In CC1 4 the importance of the 
four C-Cl relative to the six Cl-Cl is lower still, 0*17 (always for 
(sin^)/A = 0*6). 

These examples show that the presence of heavy atoms does not 
necessarily render uncertain the location of the light atoms in a 
molecule. This occurs only when the heavy atoms are present in 
such number that their mutual distances become of predominant 
importance in the diffraction formula. Far from being unfavourable, 
the presence of one single heavy atom in a molecule may, on the 
contrary, emphasize the position of the light ones, as is the case, 
for instance, for the Cl atom in CH 3 C1, or in molecules such as 
CH 2 = CHC1. 

In the case of the CB 2 C1 2 molecule, supposing that the C-C and 
Cl-Cl distances, and therefore the valency angle, have been measured 
by X-ray diffraction, the electron diffraction investigation may give 
indications about the position of the H atoms. Here there are one 
Cl-Cl, two C-Cl and four Cl-H distances, the importance of which 
is respectively 1, 0*84 and 0-36. In the molecule CHC1 8 the import- 
ance of the three Cl-Cl, the three C-Cl and the three Cl-H distances 
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is respectively 1, 0*42 and 0*09. Hence the location of the H atom is 
scarcely possible here — but conversely, the importance of making a 
correct assumption about the position of the H atom is small. 

It follows from this discussion that there is a distinct possibility 
of determining the complete structure of molecules such as CH 3 C1 
and CH 2 C1 2 entirely by diffraction methods without making any 
arbitrary assumptions — except, perhaps, about the symmetry of the 
molecule. This should be attempted using both X-ray diffraction 
and electron diffraction. It is also clear that the accuracy of inter- 
atomic distance measurements must be critically examined in each 
particular case, for the same atom may be easy to locate in one 
molecule, and difficult or impossible to locate in another. 

TEMPERATURE EFFECT 

The maxima of X-ray scattering functions are most prominent at 
low values of (sin \0)jX, that is, precisely where the effect of mole- 
cular vibrations is smallest. The temperature effect accordingly is 
not important in the use of X-ray diffraction for determining 
molecular structures. In electron diffraction, the outer maxima of 
the pattern are more important than in X-ray diffraction, and they 
have the advantage of being more sensitive to changes in the 
parameters characterizing the structure of the molecule. Un- 
fortunately, in this region of large (sin|#)/A, the temperature 
correction is important and difficult to calculate. Complications 
which may arise from the temperature effect in the determination 
of the structure of polyatomic molecules by electron diffraction 
have been discussed by the writer ( 145 ). 

In a general way, it must be borne in mind that, although the 
coherent intensity always remains important in electron diffraction, 
the periodic terms of this intensity may be drastically reduced at 
high angles on account of the temperature effect. These are the terms 
representing the interatomic interferences. As far as the determina- 
tion of the interatomic distances in molecules is concerned, therefore, 
it would be quite misleading to draw a sharp contrast between the 
scattering of electrons by point-like atomic nuclei and the scattering 
of X-rays by diffuse electron atmospheres. This would be to forget 
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that the indeterminacy in the position of the nuclei — the extent of 
which is not often well known — eventually reduces the sharpness 
of the interferences in a way similar to that in which the diffuseness 
of the electron atmospheres reduces the X-ray scattering factors /. 

On the other hand, it is probable that electron diffraction will 
give information about the indeterminacy in the position of the 
atoms in molecules, especially when the new sector technique ( 50 , 57 , 3 ) 
which is being developed for this purpose is used ( 55 ). 


CONCLUSION 

X-ray diffraction and electron diffraction by gas molecules are 
methods which differ in the information they are able to give about 
the molecular structure. It is impossible to locate the hydrogen 
nuclei using X-ray diffraction, but this is possible using electron 
diffraction. In some cases the use of both diffraction methods may 
be necessary and sufficient for determining completely the structure 
of the molecule, including the position of the H atoms. In all cases 
where precision is needed, the use of both methods is clearly 
advisable for purposes of mutual control of the results, since both 
methods are capable of a high accuracy. 



CHAPTER XI 


FOURIER ANALYSIS OF INTERFERENCE 
MEASUREMENTS OF FREE MOLECULES 

For the determination of the structure of free molecules whose 
X-ray or electron scattering functions are known, the most obvious 
method is a simple one of trial and error. Molecular models are 
assumed and the corresponding angular distribution of intensity 
calculated, using appropriate atomic scattering factors. The model 
giving a scattering function in agreement with the measured scat- 
tering function is taken as correct. This procedure alone is used in 
X-ray diffraction and it is much used in electron diffraction measure- 
ments. 

The Fourier analyses used by Bragg for crystals, and by Compton 
for monatomic gases (Chapter iv), and which deduce from intensity 
measurements the charge distribution in the lattice unit-cell and 
the atom respectively, cannot be applied to the case of polyatomic 
molecules. The experimental result consists here of the mean value 
of intensities which have different angular distribution for different 
orientations of the molecule. In the case of a crystal which is kept 
in a given orientation the question of taking the mean of the 
intensity does not arise. In the atom the electron distribution is 
assumed to be spherically symmetrical, so that here again no mean 
has to be taken. 

A method for determining directly the interatomic distances in 
molecules was described in 1935 by Pauling and Brockway ( 137 ). 
This method, called by its authors the 'radial distribution ’ method, 
is used in the following way: A Fourier analysis of the angular 
distribution of the experimentally measured intensities yields a 
function D(r) which must present maxima for the values of r which 
are equal to the distances between any pair of nuclei in the molecule. 
In practice the method has given values which are often in good 
agreement with the results of the older method. A theoretical dis- 
cussion of the method and an examination of its applicability to 
X-ray measurements have been made by Debye and the writer (5i). 
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DEFINITION OF THE FUNCTION D(r) 


(a) X-ray diffraction. In Chapter vi a general formula has 
been given for the mean intensity I s scattered by the electron cloud 
of a free molecule which takes successively all possible orientations 
in space. This formula will be used here as a starting point. For the 
case of un polarized primary radiation, it may be written 


7 2 

±e 

E 2 




PlP%~ 


ksr 


-dV x dV 2 . 


(94) 


p x and p 2 are the electron densities (mean number of electrons in 
unit volume) in volume elements dV x and dV 2 respectively; r is the 
distance between the volume elements dV x and dV 2 ; k = 277 / A and 
5 = 2 sin \0 . A large number of molecules is always investigated at 
a time, but if the density of the gas is not high, the actual intensity 
scattered by the molecules is obtained simply by multiplying the 
intensity I 8 of equation (94) by N , the number of molecules, as has 
been seen in Chapter vn. 

The double integral of equation (94) may be calculated in the 
following way. A volume element dV x is arbitrarily selected in the 
molecule. Around this element taken as centre, two spheres, of 
radii r and r + dr, are placed. Then, if dQ 2 is the element of solid 
angle, an integration can be performed over this variable. The result 
of this first step is 


sin ksr 
ksr 
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r 2 dr p t> df2 . 


(95) 


The central volume element dV x , which so far has been considered 
immobile, is now given successively all possible positions in the 
molecule while the distance r remains constant. This second 
step gives 


sin ksr 


t drjp 1 dV 1 jp 2 dQ 2 = D(r) 4 -jtrHr, (96) 


ksr ' "" 

where D{r) is a ‘density function’ which depends only. upon the 
arbitrarily chosen distance r. Finally the average intensity I s is 
given by the following equation, which takes the place of equa- 
tion ( 94 ) . j ^ ^2 i + cog 2 0 r qo s j n 


- 4:7rr 2 dr. 


(97) 
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The integration is thus made complete by giving r all possible 
values from zero to infinity. 

The density function D introduced in this way is all that can in 
principle be deduced from the measurement of the angular dis- 
tribution of the scattered intensity. It has the dimensions cm. -3 , 
hence the name it is given here. The way the function D is obtained 
may be summarized as follows: 

We place a sphere of radius r anywhere in the molecule. At the 
surface of this sphere we determine the mean surface density of 
electrons. Then we move the sphere throughout the whole molecule 
and we take the sum of all the surface densities, which have 
different values for different positions of the sphere, each term of 
this sum being given a weight equal to the electron density at the 
centre of the corresponding sphere. The electron density obtained 
in this way, considered from the point of view of its dependence 
upon r, is the density function D(r): 

D{r) = J Pi dVljp^ 2 . (98) 

(b) Electron diffraction. Calculations can be made along the 
same lines for the diffraction of fast electrons by a free molecule. 
The only difference is that the density p refers here not to the 
electrons only, but to all the electric charges, including the nuclear 
charges in the molecule. The quantity p represents the mean number 
of elementary charges in unit volume, this number being positive 
or negative according to the sign of the charge. To be quite accurate, 
the same should have been done in the calculation of the diffraction 
of X-rays, but in that case the scattered amplitudes are inversely 
proportional to the mass of the scattering particles, and for that 
reason the influence of the nuclei can in practice be neglected. 
E being the energy of one of the incident electrons, the following 
result is obtained : 


(e 2 /E) 2 1 
R 2 > 
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The factors in front of the integral may be compared with those 
of equation (50) in Chapter v. The factor e 2 /E has the dimensions 
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of a length and takes the place of the electron radius a c of equation 
(94). The density function D(r) is defined by 

m-jptwjpj-*, (ioo) 

which is the same as equation (98) except for the fact that p here 
signifies the number of elementary charges in unit volume, all 
charges being taken into account together with their signs. 

The intensity formula (97) or (99) has a formal analogy with 
formula (78) of Chapter vn, which was given by Zernike and 
Prins(i 82 ) and used by Menke(i 26 ) to determine the atomic arrange- 
ment in monatomic liquids. This analogy was used by Pauling and 
Brockway in the derivation of the radial distribution method, but 
actually the meaning of the density functions is not the same in 
the two cases. 

It may be written, for X-rays, 


for electron rays, 
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( 102 ) 


Assuming that in diffraction experiments referring to N molecules 
it has been possible to separate experimentally the coherent part 
of the intensity from the incoherent background, the quantities J5, 
which are functions of the scattering angle 6, may be considered to 
be experimentally known. According to Fourier’s theorem the 
density function D can then be obtained by calculating the integral 

rD(r} = <io3) 

Now in the calculations relating to their experiments, Pauling 
and Brockway do not really follow the procedure defined by equa- 
tion (103). First the separation of the coherent from the incoherent 
intensity is not carried out. Secondly no actual intensity curves are 
determined, but instead the intensity and position of the inter* 
ference rings are visually estimated, whereby on account of a known 
physiological effect, intensity maxima are seen, although they do 
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not exist. The estimated intensities, for any chosen value of r, are 
then multiplied by the corresponding values of s / A sin (277TS/A) and 
added to one another. This procedure generally replaces the in- 
tegration. As it is repeated for different values of r , the curve so 
obtained, plotted against r, is considered to be a sufficient sub- 
stitute for the real curve rD(r). In fact, this curve shows maxima 
for certain values of the distance r, and these special distances are 
considered to be the distances of the nuclei in the molecule. Not- 
withstanding the roughness of this procedure, very good results have 
been obtained. It is therefore interesting to calculate, for a particular 
case, the behaviour of curves D(r) such as would be obtained by an 
exact treatment of perfect experimental results, and to see how 
accurately the positions of their maxima then coincide with the 
internuclear distances. 


THEORETICAL CALCULATION OF THE DENSITY 
FUNCTION FOR A DIATOMIC MOLECULE 


(a) X-rays. The same kind of imaginary diatomic molecule as 
has been used in Chapter vi to study the influence of the diffuseness 
of the electron clouds on the scattering function will be used here. 
The two nuclei of the molecule are situated at a distance l from each 
other. Each nucleus is surrounded by an electron cloud having the 
following density distribution: 


P 


7 T%a 3 


(104) 


This particular form of the function p is chosen for convenience in 
the calculations; it is the same as in equation (62) of Chapter vi. 
The parameter a characterizes the size of the electron cloud. The 
distance from the nucleus is called u , and the numerical factor is 
chosen in such a way that the whole atom contains z electrons. 

According to the procedure outlined in the preceding paragraph, 
the electron density on the surface of a sphere of radius r, the centre 
of which is at a distance v from the nucleus, is first to be calculated 
(Fig. 67). Putting 

u 2 = r 2 + v 2 — 2 rv cos a, (1 05) 


8-2 
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the result for the electrons belonging to one nucleus is 
[p.M 2 = , Z , \ f e -0*W-*r*co B«)/a* s inocdOl 

J 4:7T 2 J 


2 r .-,rwv,,2sinh(2nya 2 ) 
7 T$a 3 2rv\a 2 
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If the distance of the centre of the sphere from the first nucleus is 
called v v and the distance from the other nucleus v 2 , the result for 
the whole molecule is 
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Now A' multiplied by the density p in the volume element d V at the 
centre of the sphere must be integrated over the whole of space. 
The density function D(r) is therefore given by 


D(r) = ^ j (e~ v V a * + e~ v l la *) KdV. 


(108) 


The integrals can be directly calculated, and finally the following 
relation is obtained : 
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This equation may be written 


(27r)*a 3 


2e-*W + 


e -(l-r)*/2a* e ~(/+r) 2 /2a2- 


which shows more clearly how the distance r = /, corresponding to 
the internuclear distance, acquires a special importance when the 
ratio Ija is large. 


Figs. 68, 69, and 70 represent density functions I) plotted against 

z 2 l 2 

rjl as abscissae, the factor _ - - being omitted. The three curves 

(2n) i a s a 2 ° 



Fig. 68. (After Debye and Pirenne(51).) 


correspond respectively to the assumptions Ija — 2, Ija — 4 and 
Ija = 8. In order to visualize the size of the electron clouds, the 
molecules are represented schematically beside the D functions, in 
the same way as in Fig. 36 of Chapter vi. At the surface of the 
spheres of radius a y/2 which are drawn around the nuclei, the 
electron density relating to one atom is reduced to 1/e 2 = 1/7-39 of 
its value at the centre of the atom. The assumption Ija = 8 approxi- 
mately corresponds to the case of the chlorine molecule. In the 
first two cases, Ija = 2 and Ija — 4, the D curves show no maximum 
at all. Only in the last case, Ija = 8, does a maximum appear. 
Although the electrons here are more concentrated around the 
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nuclei, the position of the maximum of the D function does not 
coincide with the inter-nuclear distance r = Z, but is displaced by 
1*5 % towards the smaller values of r/Z, as can be easily calculated. 



Fig. 69. (After Debye and Pirenne(51).) 



Fig. 70. (After Debye and Pirenne(51).) 


It must be concluded from this discussion that for exact deter- 
minations of interatomic distances in molecules , the D method in the 
case of X-ray interferences does not appear to be suitable . 
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(6) Electron rays. The same imaginary diatomic molecule is 
again used in this case. The density of negative electric charge in 
each atom, the sign of the charge being taken into account, is 
represented by ~ 

< in > 

The density of positive charge is represented in a similar way by 


p = +- 1 -3C- m2 K. 
7r f ag 


( 112 ) 


Taking again a sphere of radius r, the centre of which is situated at 
a distance v 1 from nucleus 1 , and at a distance v 2 from nucleus 2, the 
mean density of charge on this sphere can be immediately obtained, 
using what has been found in paragraph (a) : 


/■ 


P‘i = fo(Vl) -f(v l) +/o(«z) -f( v 2 ). 


where f(v) represents the function 


f{v) = .^^w 8inh ( 2f ^ 2 > 


tt- a 


2rv/( 1 2 


(113) 


(114) 


while f 0 (v) is the same function where a is replaced by a 0 . Similarly, 

p can be written , . , . , , , , . 

P = 9o{vi)-9{vi) + 9o( v 2)-9( v z)> (H5) 

g(v) representing the function 


g{v) = 


7r } a 3 


- v 2 /a 2 


(116) 


Now p, given by equation (115), must be multiplied by the value 
of the integral (113) and then integrated over the whole of space. 
The integrations can all be performed, the final result being 


+ 2 + 

a 3 \ rlla 2 / 

_ A _ 2 V e _ra / <o2+a o ) / 1 + e-W^+ag) sinh JM/( a2 + a o) )\~] 

V + o§; V 2rl/(a* + al) )l 


(117) 

The limiting case of infinitely small nuclei will first be examined. 
In that case a 0 = 0 and the first term in equation (117) is zero 
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everywhere except for r = 0 and for r = l , at which points infinitely 
high and infinitely sharp maxima are produced. In order to derive 
the mean scattered intensity from the density function, according 
to equation (99), D(r) must be multiplied by (sin ksr) / ksr Anr 2 dr 
and the sum taken over all values of r. When this is carried out for 
the first term of equation (117), the result is 

f sin ksr 0 J_ sinWl 

] m "far 4 ”"’'- L 1+ ”s~J' <U8 > 

which is as it should be, since it represents the interaction between 
two naked nuclei, that is, between two scattering points, as dis- 
cussed in Chapter vi. 




Fig. 72. (After Debye and 
Pirenne(51).) 


The second, positive, term of equation (117) corresponds to the 
interaction between electrons, and the third, negative, term to the 
interaction between nuclei and electrons. The behaviour of these 
terms again depends upon the choice of the ratios Ija. For the two 
cases Ija — 2 and Ija = 8 the curves representing the complete 
density functions D are drawn respectively in Figs. 71 and 72. The 
ordinate of these curves often assumes negative values; in the case 
of Ija — 8 there are weak maxima. The curves are smooth, except 
for the fact that — in contradistinction to the case of the X-ray D 
functions — infinitely high and sharp points stand on them at r = 0 
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and r = l. D takes negative values in the case of electron diffraction 
because, as can easily be proved (51), 



4:7rr 2 dr = 0, 


(119) 


in the case of a molecule in the neutral state. 

In fact, the calculations must not be made taking a 0 as vanishingly 
small, for the position of the nuclei is not perfectly determinate, if 
only on account of their zero-point energy. This effect can be taken 
into consideration by giving a 0 a finite value. In Fig. 73, a new 
D(r) curve is drawn for the ratios Ija = 8 and l/a 0 = 50, which should 


t 


0 — © 

D 

1 

L , 

l/a = 8 110 ,,= 50 


tr 


Fig. 73. (After Debye and Pirenne(51).) 


approximately correspond to the conditions prevailing in the Cl 2 
molecule. The figure shows two weak maxima at about rjl = 0-8 
and rjl = 1*2; two minima nearer to rjl = 1, at about rjl = 0*94 
and rjl = 1*06; and finally a sharp maximum at rjl = 1. Supple- 
mentary maxima, the positions of which do not correspond to 
inter-nuclear distances, are therefore present. It is, however, clear 
that in the case of electron diffraction the circumstances are much 
more favourable to the use of the density function method for the 
determination of internuclear distances than in the case of X-ray 
diffraction, on account of the role played by the atomic nuclei in 
the scattering of electrons. t It will also be noted that the width of 
the sharp peak of the D function depends upon the value of a 0 , 
which characterizes the indeterminacy of the position of the nuclei 
in the molecule. 

+ For further discussion see Debye (53). 
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NEW INTERPRETATION OF THE FUNCTION D(r) 

IN ELECTRON DIFFRACTION 

A new and very simple interpretation of the function D(r) in 
electron diffraction has been given by Debye ( 55 ). In the ideal case 
of a molecule the scattering by which is purely nuclear, it can be 
shown that, if P(r) dr is the probability that the distance between 
two of the nuclei, i and j, has a value between r and r + dr, the 
function D(r), in the immediate neighbourhood of r = l {j ( l being 
the mean distance of the nuclei i and j), is 

D(r) = (120) 

z t and Zj being the numbers of elementary charges contained in the 
nuclei i and j . The ordinate of the radial distribution curve D 
therefore represents essentially the probability of occurrence of the 
interatomic distance r in the molecule. Now, in the calculation of 
the scattering by an actual molecule, the screening by the electron 
atmosphere of the atom, which varies with the scattering angle 0 , 
must be taken into account: the actual D curve then is not repre- 
sented exactly by equation (120). The correction to be introduced, 
however, is of rather minor importance. Knowing the atomic 
factors /, it should therefore be possible to derive a curve corre- 
sponding to equation (120) from the actual D curve. Thus, according 
to this interpretation of the D function, if a curve corresponding to 
equation (120) can be derived from experiments with sufficient 
precision, it will give a direct quantitative picture of the displace- 
ments, rotations and vibrations, of the atoms inside the molecule. 

The maxima of some of the D curves which have been derived up 
to now from electron diffraction experiments, with a view to deter- 
mining intramolecular distances, are much less sharp than those of 
the theoretical curve discussed above. It does not appear certain, 
at least a priori , that the positions of such broad maxima must 
always coincide quite accurately with the positions which the true 
sharp maxima should occupy. But improvements are being made 
in the technique for recording intensities and they are bound to lead 
to a corresponding increase in the accuracy of the radial distribution 
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curves. These presumably will then become capable of also giving 
quantitative information about the magnitude of the intramolecular 
motions ( 3 , 185 ). 

In conclusion, it may be pointed out that the D functions contain 
in principle all the information directly available from diffraction 
experiments on free molecules. According to equations (97) and 
(99), two different scattering systems having identical D functions 
— the actual existence of which is very unlikely — would scatter 
exactly the same intensity and be indistinguishable from the point 
of view of X-ray and electron diffraction. Strictly speaking, there- 
fore, the actual charge distribution in the molecule cannot be 
determined using diffraction data only. In the determination of 
molecular structure, however, the knowledge of the chemical 
formula of the molecule generally gives enough additional know- 
ledge to allow the location of the various atoms, as has been seen 
above, especially in Chapter vi. 



CHAPTER XII 


THE MEASUREMENT OF THE X-RAY 
SCATTERING FUNCTIONS OF GASES 

Technical difficulties in the investigation of the diffraction of 
X-rays by gases are mainly due to the faintness of the scattered 
radiation. The utmost care must be exercised to suppress all 
parasitic radiation. When this is achieved, the accurate measure- 
ment of the scattered intensity is itself a difficult task. 

Absolute measurements, that is, direct comparisons of the scat- 
tered to the incident intensity, have been made in a few cases.t In 
molecular structure determinations, only relative measurements of 
the intensities scattered at different angles are generally made. In 
such cases, correspondence between experimental and theoretical 
intensity curves is obtained by taking their ordinates as being equal 
at any chosen angle. 



Fig. 74. 


The angular distribution of the mean intensity scattered by free 
molecules for unpolarized primary radiation depends only upon 
the angle 6 between the primary and secondary rays. The intensity 
distribution is symmetrical about the direction of the primary 
beam. The scattering function is therefore generally obtained by 
measuring the intensity scattered in a plane containing the primary 
beam. For instance, a cylindrical film can be used, the axis of the 
cylinder being perpendicular to the primary direction and passing 
through the scattering substance, as shown in Fig. 74. A movable 
recording device (such as an ionization chamber) which can succes- 
sively assume different positions around the scattering substance 
can be used in place of the cylindrical film. Measurements may also 

+ For absolute measurements on argon (100) see Chapter iv; on polyatomic 
gases see Hoffmann (102) and Lu(120). 
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be made using a photographic plate perpendicular to the incident 
beam, a pattern of concentric rings being produced on the plate, as 
shown in Fig. 75, but this does not give 
a scattering function for all angles 6. 

The method of X-ray diffraction by 
gases is analogous to the powder method 
of Debye-Scherrer for the diffraction of 
X-rays by a large number of very small 
crystals oriented at random. The first 
arrangement, shown in Fig. 74, is gene- 
rally used for X-ray diffraction by gases,' + 
as well as for X-ray powder photographs. ^ 75 

The second arrangement, shown in Fig. 75, 

is used for electron diffraction by gases or by thin foils; in electron 
diffraction, the wave-lengths being shorter, a smaller angle range is 
adequate. 



DIFFRACTION CELLS 

Scherrer and Stager (i 54; used an apparatus in which a thin jet of 
hot mercury vapour emerges through an orifice, passes freely 
through the air for a few millimetres, and is received in another 
tube below. X-ray diffraction photographs were obtained in about 
20 hr., using filtered copper radiation, with exactly the same 
arrangement as if the vapour beam had been a powder cylinder. 

In most experiments, however, the gas is contained in a closed 
cell. It might be thought that the vapour could be placed in a 
narrow thin-walled tube, as is done in the study of some powders, 
the gas scattering being found by subtracting the scattering by the 
empty tube from the total scattering. This is not practicable 
because, scattered X-ray intensities being roughly proportional to 
the mass of the scattering material, the scattering by the walls 
would be too intense. Cells possessing windows are used, but they 
are arranged in such a way that the radiation scattered by the 
window through which the primary beam passes cannot reach the 

4 The second arrangement, however, was used in the first experiment, made on 
CCI 4 , which showed an interference maximum in the diffraction of X-rays by 
isolated molecules (40). 
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photographic film. The effective scattering volume then is smaller 
than the total volume of gas which scatters the primary radiation, 
the latter volume itself being smaller than the total gas volume. 
The effective scattering volume is limited at any angle 6 , not by 
walls, but by the geometrical disposition of slits and screens in the 
cell. In such an arrangement, incident and scattered rays go through 
an appreciable thickness of gas, and the absorption by the gas must 
be taken into account. The total gas thickness traversed by the 
primary and secondary rays generally changes with scattering 
angle, and a correction for absorption must therefore be applied to 
the curve of the measured intensity. 

Dependence of the intensity upon gas pressure. With 
increasing gas pressure inside the cell, the losses by absorption 
increase, as does the number of scattering molecules. There is 
therefore at a certain pressure, 
which it is important to know, a 
maximum yield of scattered inten- 
sity. The case of the type of cell 
represented by Fig. 76 may be ex- 
amined. The incident beam comes 
into the gas through the window^ . 

The rays scattered, for instance, in 
the direction OB , pass through the 
slit 0 situated in the middle of the 
cell and traverse the gas thickness 
OB before reaching the window 
FBDE . When the scattering 

volume V is irradiated with an incident beam of intensity / 0 , it 
scatters an intensity proportional to the number of electrons it 
contains : 

I s — KI 0 VNC; (121) 



Film 

Fig. 76. (After Pirenne(144).) 


N is the number of electrons in one cubic centimetre of gas for a 
concentration 0 equal to unity. Strictly speaking, K changes from 
gas to gas but here it can be considered roughly as constant. The 
incident beam is weakened by absorption on its way from A to 0, 
and the scattered beam on its way from 0 to B. Each time the loss 
can be taken into account by a factor e ~ LfiC , L being the radius of 
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the cell, and fi the linear absorption coefficient for the gas at a 
concentration C equal to unity. The scattered intensity i which 
passes through the window 
FBDE, is therefore 

i = KI 0 VNCe~ 2L ^\ (122) 

This function has a maximum 
for i 

/ iC =2L- (123) 

There is accordingly for each 
substance an optimum con- 
centration (ioo, Hi). In order to 
be able to deal with the same 
function for all substances, it 
is convenient to consider, instead of i, the quantity 

Y = /iCe~ 2L ^ c 

as a function of jtiC. Fig. 77 represents this function for the special 
case where L = 1-45 cm. For a given gas and a given wave-length, 
at any pressure, the emerging intensity i is proportional to the 
ordinate Y corresponding to the particular value of C . To compare 
the intensity i for two different gases and wave-lengths, i.e. for 
different values N x and N 2 of N, and different values /q and // 2 of /q 
the corresponding values of Y are multiplied by JV 1 //« 1 and N 2 //j . 2 
respectively. This is only an approximation since K is not exactly 
a universal constant. Experimental verifications are available for 
cells of radii 1*45 and 5*71 cm.(i44). For a cell of radius 1*45 cm., 
and for SiHCl 3 vapour at 100° C., the optimum pressure is 0*43 atm. 
for iron radiation (1*94 A.), 0*83 atm. for copper radiation (1*54 A.) 
and 7*4 atm. for molybdenum radiation (0*71 A.). Using the latter 
radiation and a gas pressure of 4*3 atm., the writer ( 144 ) has been 
able to reduce the time of exposure, for crystal-reflected radiation, 
from 100 to 35 hr. for dark photographs, and to 8 hr. for light 
photographs. It may be pointed out that this is due to the simul- 
taneous use of short wave-length X-rays and of a small-sized cell. 
Older experimental arrangements, which did not fulfil both of these 
conditions, gave a maximum increase of intensity of about 50 % 
only, instead of 200 %. 



Fig. 77. The function Y = /4C'e' -2xl *45/<C t 
(After Pirenne(144).) 
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Parasitic radiation due to secondary and tertiary scatter- 
ing . As has already been pointed out, the secondary radiation emitted 
by the cell window and walls is important. For instance, a mica 
entrance window can give dark spots of a Laue pattern super- 
imposed upon the gas diffraction pattern. The geometrical con- 
struction of the cell must therefore be such that no radiation 
scattered by the window, or by the apparatus which absorbs the 
primary beam after gas diffraction, can interfere with the measure- 
ments. This makes measurements difficult at small scattering 
angles. Using a cell of the type represented by Fig. 76, measure- 
ments are limited to angles larger than the angle of the forward 
prism OF, At lower angles the intensity scattered by the window A 
passes through the diffraction slit 0 and is superimposed upon the 
gas pattern. The window A might be put farther back if it were 
desired to make measurements at smaller angles, but this would 
lead, among other inconveniences, to an increased absorption of 
the incident beam in the gas. 

The intensity scattered by a given volume of gas is proportional 
to the concentration of the gas. Secondary radiation is scattered 
again by the gas and gives tertiary radiation, the intensity of which 
is therefore proportional to the square of the gas concentration (95). 
With increasing pressure this tertiary intensity accordingly in- 
creases much more rapidly than the secondary intensity which is 
to be measured. In general, however, it is still unimportant at 
pressures of a few atmospheres. This is due to the fact that the 
intensity of interaction of X-rays with gases is small. The gas which 
is adjacent to the scattering volume re-scatters only a very small 
fraction of the secondary radiation which passes through it, in the 
same way as only a very small part of the primary beam is scattered 
by the gas(U4).t Similar reasoning shows that tertiary scattering 
originating in a thin window and in the cell walls is generally not 
disturbing. 

Fluorescent radiation. The total loss in intensity suffered by 
an X-ray beam traversing matter is due only to a small degree to 

t Evidently neither of these remarks holds for systems having a high density N 
of electrons, such as liquid benzene, for instance. They are also invalid for electron 
rays. 
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scattering, and to a much larger degree to true absorption. Absorp- 
tion brings along with it emission of fluorescent radiation, the 
intensity of which is generally greater than that of the scattered 
radiation, as seen in Chapter m. For obtaining a high yield of 
scattered intensity, as explained above, a small absorption coeffi- 
cient is desirable. The X-ray wave-length for this reason is generally 
chosen so that the absorption in the gas is low. This circumstance 
is conducive to a low fluorescence intensity, but it does not in any 
way render it negligible. 

Fluorescent radiation, therefore, must be eliminated experi- 
mentally. This often can be done by using a suitable X-ray filter. 
This filter sometimes may be constituted by the cell window itself. 
A mica sheet 0*05 mm. thick, for instance, completely stops the 
fluorescent radiation of silicon and chlorine. When a substance such 
as kSiHCl 3 is studied in a cell provided with such a mica window, 
using molybdenum radiation, less than 10 % of this radiation is 
absorbed by the mica, while the fluorescent radiation is com- 
pletely prevented from reaching the photographic film ( 144 ). 

Difficulties, however, may arise in some cases. It may happen 
that no sufficiently selective filter can be used, and at the same time 
that the K excitation of the atom cannot be avoided. Such is the 
case for the scattering of copper radiation by bromine (7 ). Bewiloguat 
has suggested the use in this case of an ionization chamber filled 
with a bromine compound. This chamber would let the bromine 
fluorescence pass through, while retaining the copper radiation 
which is to be measured. 

The presence in the diffraction cell, especially in the windows, 
of elements capable of emitting a fluorescent radiation which is 
difficult to absorb must obviously be avoided. It is advisable to 
build the cell with materials having a low re-emission power, such, 
for instance, as lead. 

Construction of the cells. The delicate parts of the diffraction 
cells are the windows, which must be thin, of regular thickness, and 
fairly transparent to X-rays. A number of materials can be used for 
their construction. For inert gases at room temperatures, cellophane 
can be used, while mica proves resistant to chemically active 

t Private communication. 
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substances at higher temperatures and pressures. Beryllium (t>9), 
aluminium and quartz (HO) have also been used; beryllium presents 
the advantage of having a very low absorption coefficient (17). 
Table V gives the absorption coefficients [i of cellophane and mica 
for two different wave-lengths. 


Table V. After Richter (152) 


Radifttion 

Cellophane 

Mica 

Cu KoL y A = 1*54 A. 

Mo Ka.y A = 0*71 A. 

/(= 10-0 cm.- 1 
/t s= 1-5 cm. -1 

/(= 100-120 cm.- 1 
// , = 12-14 cm . 1 


Cells for working with hot vapours are least easy to build. Special 
attention must be paid to the coefficients of thermal expansion 
of the different materials. For example, the coefficient of mica is 
smaller than that of steel, and if a mica window is put into place 
on a steel apparatus while it is at a high temperature, the mica 
sheet may be crushed and be put out of order after cooling. On the 
contrary, if put into place when the apparatus is cold, the mica 
sheet will stretch without damage when the cell is heated (Mi). Use 
of materials having identical expansion coefficients, such as glass 
and mica (80), disposes of this difficulty, and, as is to be expected, 
a quartz cell having a thin quartz plate as a window (lio) resists 
well at high temperatures. 

In the case of gas pressures above or below atmospheric pressure, 
the cell must be gas-tight. This is essential when vapours susceptible 
of damaging the photographic emulsion are to be studied under a 
few atmospheres pressure. 

As an example, Plate II and Fig. 78 show the cell built by the 
writer (144) to study silicochloroform vapour at 100° C. under 4*3 atm. 
Complete gas-tightness is secured by sealing with 4 Apiezon 5 grease 
the mica window, 0-05 mm. thick, which is pressed between two 
stainless steel parts. The grease hardens and becomes a cement in 
contact with SiHCl 3 vapour, so that gas-tightness and mechanical 
strength are both achieved simultaneously. Such a mica window 
is completely tight to vacuum and pressure, yielding only to a 
pressure of 8 atm. The geometrical disposition of the slits and 
windows, as in the apparatus of van der Grinten and Pi6rard (80,138), 
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is such that in the range between 15 and 135° no secondary 
radiation from the window E or the absorption apparatus 
A PC can reach the film, and the absorption in the cylindrical 


V 



Fig. 78. (A) Longitudinal section and (B) transverse section V -W through a 
diffraction cell built for the study of SiHCl 3 vapour under pressure. 

The primary beam reflected by the crystal K passes through the double slit F , 
enters the cell through the mica window E, is scattered by the gas and finally 
stopped by the apparatus APC, in which F is a piece of lead and Ag a thin silver 
sheet. The prisms C and 1) limit a slit, 3 mm. wide, through which the scattered 
radiation must pass to reach the film. The mica sheet, sealed with ‘Apiezon’ 
grease, is pressed between the tube G and the cylinder H, which are both provided 
with suitable apertures to form the entrance and exit windows E and M. The 
reservoir R containing liquid silico-chloroform is connected to the diffraction 
chamber by a canal through the axis of the apparatus. The tap L being turned off, 
the reservoir R is kept at a constant temperature which determines the vapour 
pressure inside the cell (e.g. 4*3 atm. at 80° C.), while the rest of the cell is of 
course kept at a higher temperature (e.g. 100° C.). The radius of the diffraction 
chamber is 1-45 cm. (After Pirenne(144).) 

window M is the same at all angles d. The figure shows that a 
double slit F is used for the primary X-ray beam, which gives a 
beam divergence only half as great as an ordinary slit. Soller slits, 
which are composite slits made up of a number of parallel thin 


9-2 
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plates, are sometimes used to obtain a broad X-ray beam of 
fairly parallel rays (176). Particulars of other cells will be found in 
original papers on X-ray scattering by gases. 

The heating of the diffraction cells is usually achieved by the use 
of electrical resistances. In places where the temperature cannot 
be easily controlled, circulation of steam through a copper tube 
coiled around the cell is a useful device. The photographic film is 
kept cool by a stream of water inside the holder. 

Plate I shows a microphotometer record of a diffraction photo- 
graph of the molecule CC1 4 , obtained by using the apparatus shown 
in Plate II. 


THE X-RAY RADIATION 

The intensity emitted by X-ray tubes is generally small (89). The 
yield of transformation into X-rays of the kinetic energy of the 
electron beam hitting the anticathode is only of the order of 10~ 3 . 
As far as mere intensity considerations are concerned, therefore, 
it is more advantageous (9) to diffract an electron beam by a gas 
than, first, to use the same electron beam for obtaining X-rays 
and, secondly, to scatter these X-rays by the gas. 

It is impossible to increase indefinitely the intensity emitted by 
an anti-cathode by using more powerful electron beams. For, in 
the anticathode, most of the electron energy is converted into heat, 
which must be dissipated by conduction, and no system of cooling 
will prevent the melting of the anticathode when a certain critical 
intensity is exceeded. Rotating anticathodes have to be used to 
increase the intensity further. This is not the place to give details 
about the characteristics of all the different X-ray generators.* 
Ott’s continuously evacuated tube(i34), which has been used by the 
writer (144), is suited to long exposure times at high intensities. Much 
more powerful tubes of the rotating anode type have been recently 
developed by Beck(O) and by Muller and Clay(i30). All these tubes 
are of the hot filament type. Gas discharge tubes are less powerful, 
but offer certain advantages: thus, they give less background 
intensity on the short wave-length side of the Ka radiation of the 
anticathode ( 9 ). 

t See, for example, the book by Clark (24), 
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Very soft X-rays are too easily absorbed by matter, while very 
hard X-rays are so little absorbed that parasitic radiation is very 
difficult to eliminate. In diffraction experiments, the wave-lengths 
mostly used are those of the Kct line of copper (1*54 A.) and moly- 
bdenum (0*71 A.), and sometimes of iron (1*94 A.). Silver radiation 
(0*56 A.) might probably be used with advantage for working with 
gases under pressure, on account of its low absorption coefficient. 
Measurements must refer to radiation which is as nearly mono- 
chromatic as possible. For this reason, characteristic lines only are 
used, since they obviously give the greatest available intensities 
in very narrow wave-length bands. Irradiation by X-rays does not 
appear to bring about appreciable chemical changes in gases. This 
is due in part to the relatively low intensity of the rays (82,89,90). 




Fig. 79. Tracing of the microphotometer record of an X-ray diffraction pattern 
of the molecule SiHClg made in 7 hr. 40 min. with rocksalt -reflected MoXa 
radiation, using the apparatus represented in Fig. 78. The maxima are situated 
at about 0 = 25° and 6 — 41°, respectively. (After Pirenne(145).) 

Fig. 80. Tracing of the microphotometer record of an X-ray diffraction photo- 
graph made in 15 min. using MoiCa radiation filtered through a zirconium foil, 
using the same apparatus as in Fig. 79. (After Pirenne(145).) 


Fig. 79 shows the microphotometer record of a diffraction photo- 
graph of SiHClg made by using monochromatic, crystal-reflected 
X-rays. Fig. 80 shows the record of a photograph of the same gas 
made under the same conditions except for the fact that im- 
perfectly monochromatic radiation, namely, filtered radiation from 
an Ott tube, was used. Comparison of these figures proves that the 
latter radiation is unsuitable for quantitative intensity measure- 
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ments, for in the second figure no trace is left of the second maximum 
and minimum in the first, except an inflexion in the curve. Van der 
Grinten(85), studying CC1 4 , also found that filtered radiation is 
inadequate, while the diffraction of crystal -reflected X-rays (86) 
gives a scattering curve in remarkable agreement with theory t 
Filters . If the primary radiation contains an appreciable amount 
of hard general radiation, no complete monochromatization can be 
achieved by using selective filters only (loo, 157 , 127 ). In the case of a 
favourable spectral distribution, as may be given by a gas dis- 
charge tube, relatively pure radiation may be obtained. This 
must be the reason why the first CC1 4 photographs obtained by 
Bewilogua(9) using this technique show maxima which are more 
prominent than those of more recent photographs made using the 
filtered radiation of an Ott tube. For preliminary investigations, 
the filtered radiation of an ion tube, or even of an electron tube, 
may be advantageously used.* Table VI gives characteristics of 
filters used for three different radiations, according to Bewilogua(9). 

Table VI. After Bewilogua(9) 


Anticathode 

Wave- 
length of 
the Kol 
line in A. 

Filter 

Per cent, 
absorption 

K* 

K/i 

Copper 

154 

10 [i nickel foil 

35 

93 

Molybdenum 

0-71 

70//, zirconium foil 

55 

94 

Iron 

L94 

11 mg./cm. 2 Mn0 2 powder 

30 

95 


In the case of Debye -Scherrer powder photographs, imperfectly 
monochromatic radiation can often be used, because the rings 
which correspond to the characteristic lines of the primary radiation 
are very sharp and remain visible on the diffuse background. In 

+ Similar conclusions have been reached in the study of X-ray diffraction by 
liquids (84). 

* The fact that the same values of the interatomic distances have been obtained 
for CC1 4 using crystal-reflected and filtered radiation (140) does not prove that the 
latter is generally adequate. For, in the case of CC1 4 , the Cl-Cl distances have a 
predominant influence in the diffraction formula (see Chapter x) so that the posi- 
tions of the maxima and minima of intensity are the determining factors, and these 
positions may be unaffected by the use of filtered radiation. But in other cases the 
intensities are a decisive factor (144). 
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diffraction by gases or liquids, monochromatic radiation is neces- 
sary (127,84), but on the other hand, slits much broader than those 
which are used in the study of crystals may be used, for the very 
reason that the pattern is already naturally diffuse. This is an impor- 
tant advantage in experiments made with crystal -reflected X-rays, 

Crystal monochromators. Crystal reflexion gives the purest 
X-ray radiation but may cut down the intensity considerably, by 
a factor 10 or more, this leading to long times of exposure. It is 
therefore fortunate that broad slits can be used in the diffraction by 
gases. The broad slit can take in the whole of the radiation emitted 
in one direction by the anticathode of the X-ray tube. It is not 
necessary as in crystal analysis to work with a point source. On the 
other hand, these conditions make it unlikely that the method of 
Fankuchen(72,73) will be able to increase the total X-ray energy 
available for gas diffraction. This method uses the reflexion from the 
surface of a crystal cut at an angle in order to transform a broad 
X-ray beam into a narrower but more intense beam. Such narrow 
beams, however, may prove useful in the study of the scattering at 
very small 0 angles. 

In the case of powder diagrams and of X-ray spectroscopy, crystals 
which have been plastically Curved, or which have been ground, or 
which have been both ground and curved, are used for focusing 
X-rays. These devices reunite the rays of a divergent beam origin- 
ating from a small source ( 117 , 88 , 10 ). Unfortunately, they seem diffi- 
cult to adapt with advantage to the measurement of diffraction by 
gases. 

The problem of obtaining the best intensity yield from a crystal 
monochromator is complicated. Crystal and cell evidently must 
be brought as close as possible to the anticathode. A crystal with a 
high ‘integrated reflexion’ intensity for the wave-length used must 
be chosen. This reflected intensity depends upon the treatment to 
which the crystal has previously been submitted. An extensive 
comparison of rock-salt and calcite has been made from these 
points of view by Wagner and feulenkampff (R>7). The voltage on the 
X-ray generator must be chosen in such a way that the intensity 
of the spectral line to be used is high(ioi), without the intensity 
of the second-order reflexion becoming troublesome. Radiation 
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reflected from a crystal is partially polarized, so that in formulae 
such as (65) a special polarization factor (86) has to be used instead 
of the factor f (1 + cos 2 0). 

Balanced filters. Ross has invented a method by which the 
intensity corresponding to a very narrow range of wave-lengths is 
determined by taking the difference between two measurements, 
in neither of which is monochromatic radiation actually used. The 
principle of Ross’s 'balanced filters’ method is summarized as 
follows by its author (153): 

'This method consists in using two adjacent elements (silver- 
cadmium, palladium-silver, platinum -gold, etc.) in the path of the 
X-ray beam. The thicknesses of the two foils are so adjusted that the 
transmission curves of the two coincide except between their K 



Fig. 81. Transmission of the X-ray spectrum of a copper anticathode through 
balanced filters of nickel and cobalt. (After Herzog (100).) 

discontinuities. These balanced foils are mounted on a carrier in 
front of the window of an ionization chamber so that either foil may 
be moved into exact position in front of the window at will. The 
increase in ionization current, when the metal of higher atomic 
number is substituted for the one of lower atomic number, is due to 
the band of radiation between their K absorption limits.’ 

A strong characteristic line of the anticathode spectrum can be 
isolated by this method. Fig. 81, after Herzog, shows the transmis- 
sion curves of the radiation emitted by a copper anticathode for 
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balanced filters of nickel and cobalt. The shaded area corresponds 
to the difference of transmission of the two filters, and therefore to 
the radiation band to which the measurements will refer; its half- 
intensity width is 0-06 A. The superiority of this method over the 
use of a nickel filter alone is immediately seen on the figure: all 
general radiation and the Kfi line are eliminated. 

The difficulties of the method reside in the preparation of the 
filters. It has been employed successfully by Wollan07(>) using 
molybdenum radiation to measure the scattering functions of 
various gases, and by Herzog (i(x)) using copper radiation for the 
absolute determination of the intensity scattered by argon. Wol- 
lan(i79) has also developed a triple system of balanced filters, for 
molybdenum radiation, which enabled him to measure separately 
the coherent, incoherent, and total intensities scattered by oxygen, 
nitrogen and argon, at a particular angle. More recently, Hoff- 
mann (102) has determined separately the coherent and incoherent 
scattering functions of C 2 H 2 and C0 2 , using balanced filters and 
photographic recording. This is especially interesting in view of the 
fact that balanced filters had previously been considered unsuitable 
for monochromatic measurements, by the photographic method, of 
the scattering functions of polyatomic gases. It appears now that 
the latter problem is relatively simple and could be solved, for 
example, by making a pair of photographs under exactly the same 
experimental conditions except for the placing of different filters 
in the path of the incident beam. Such a method would be especially 
valuable since, using filtered radiation, photographs can be made 
in less than 1 hr., as mentioned in connexion with Fig. 80. 


RECORDING OF SCATTERED INTENSITIES 

Ionization chambers. Quantitative measurements of X-ray 
intensities are best carried out using ionization chambers. The 
radiation to be measured is absorbed as completely as possible in a 
chamber filled with gas. The whole X-ray energy is thus used up to 
ionize the gas in the chamber. The chamber being built as an electric 
condenser, the ions formed are brought to the electrodes by the 
electric field. The ionization current so produced has an intensity 
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which serves as a measure of the absorbed X-ray intensities. Under 
certain conditions a direct proportionality exists between the two. 

For low X-ray intensities, the ionization current is very weak, 
and the limitations of the method are those of the measurement of 
these small currents. Ionization chambers were used in the early 
experiments on rare gases. Wollan(i7<>) used a large diffraction cell 
with Soller slits 8 1 and $ 2 , and a Compton electrometer capable of 
measuring currents of 5 x 10“ 15 amp. (Fig. 82). Herzog (iw) used a 
special amplifying device with a triode tube, and measured currents 
of 10~ 17 amp. These sensitivities, however, still remain too low for 
the measurement of the scattering of crystal-reflected radiation 
by gases. 



Fig. 82. (After Wollan( 176).) 


Lu(i20) has measured the scattering function of the polyatomic 
gases Cl 2 , C0 2 , N 2 0, H 2 S, CC1 4 , and CHC1 3 using an ionization 
chamber. 

The ionometric method has the advantage of giving directly a 
quantitative measure of the intensity. The chamber can also be 
filled with a gas absorbing selectively the radiation to be measured, 
while allowing parasitic radiation to pass through, as mentioned 
above in connexion with fluorescent radiation. On the other 
hand, its sensitivity is limited, and the measurement of scattering 
functions must be made point by point, which necessitates a very 
constant source of X-rays. 

Geiger -Muller counters. Counters for X-ray photons can be 



X-RAY SCATTERING BY GASES 


139 


used in much the same way as ionization chambers, and they are more 
sensitive. The scattering function of CC1 4 vapour for filtered moly- 
bdenum radiation has been measured in this way by van der Grin ten 
and Brasseur(87) with good accuracy. Eisenstein and Gingrich (08) 
have measured the scattering by liquids using the same method. 
Ohlin(i32) has also reported results of X-ray intensity recordings 
with Geiger-Miiller counters. 

Photographic recording of the intensity. The photographic 
method is the most widely used in the study of X-ray scattering by 
polyatomic molecules. Extremely weak intensities can be recorded 
by the photographic films, provided the exposures be sufficiently 
long, because the effect of the radiation on the film is cumulative.* 

The photographic recording is done simultaneously at all scat- 
tering angles. Thus the X-ray source does not need to be constant 
and the exposures may be interrupted. Special films are used for 
X-ray work. Nevertheless their sensitivity may not be very high, 
largely because the emulsion does not absorb enough of the radia- 
tion. For this reason, it may sometimes be advisable to use two 
superposed films, especially for radiation of short wave-length. 
New, more sensitive, types of film, however, are being developed (80). 
Intensifying screens placed behind the film may increase the 
blackening considerably, especially in the case of hard radiation. 
Some newly devised screens are very active, and are effective even 
for radiation as soft as copper radiation (lio), but their use appears to 
be unpractical when true intensity measurements are necessary (80), 
which reduces considerably their usefulness in X-ray diffraction by 
gases. In general, the arrangement is such that the photographic 
emulsion is struck by the radiation falling normally on its surface. 
This, however, is not necessary, as an appropriate correction can 
be made if the rays strike the film obliquely (29). 

From the blackening of the film, exact (relative) intensities must 
be derived. This is best done using intensity marks obtained with 
a rotating sector. Both scattering pattern and intensity marks are 
measured with a microphotometer and the relative intensities are 
directly deduced from the microphotometer record. In this way, 

+ DuMond and Kirkpatrick (64) have been able to obtain a photograph of the 
Compton spectrum emitted by helium gas after 2059 hr. of exposure. 
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the blackening law of the film is determined in each experiment. 
Conditions as identical as possible are of course employed for the 
treatment of the photographs and of the intensity marks. The use 
of a rotating sector is possible because in Schwartzschild’s law, 
S = f(It p ) ( 8 blackening, / intensity, t time), the exponent p is very 
nearly unity in the case of X-rays. On this subject, details, notably 
on the non-dependence of the blackening law upon the wave-length, 
have been given by Bewilogua (9). It must be noted that this applies 
to photographs made without using intensifying screens. 


CALCULATIONS AND CORRECTIONS 

Since Fourier analysis is not suitable for determining the structure 
of free molecules from X-ray diffraction data, the ordinary trial- 
and-error method must be used. A plausible model of the molecule 
is assumed and the corresponding scattering function is calculated 
using formula (65), or formula (84) if the temperature effect is to be 
taken into account. Now, this function cannot be compared directly 
with the experimental intensity curve. Corrections must be made 
to take into account the dependence upon the scattering angle of 
the size of the effective scattering volume (86), of the distance 
between the scattering volume and the film (7), of the angle which 
the diffraction slit subtends at the film (86), and of the thickness of 
absorbing matter traversed in the gas and in the windows (9). 
A further correction is sometimes needed because the absorption 
of the incoherent scattering is different from the absorption of the 
coherent scattering (H3). It seems better to apply these corrections 
to the theoretical curve rather than to apply them in reverse to the 
experimental curve. This makes it easier to estimate the precision 
attained. The calculation of the theoretical curves must be made 
accurately, point by point, and is often laborious. Graphical inter- 
polation, however, can do much in the way of shortening the 
calculations. Each periodic term may be drawn separately and 
fewer points are then needed for the interpolations. Again, inter- 
polation between curves relating to slightly dissimilar structures 
may give useful approximations at the preliminary stages of 
comparison. 
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COMPARISON WITH ELECTRON DIFFRACTION 

Although based on the same principle, X-ray and electron diffrac- 
tion by gases are very dissimilar in practice. The times of exposure 
are much longer for X-ray than for electrons, but, as has been said 
above, they are on the way to being reduced to quite convenient 
lengths. For instance the use of balanced filters offers the possibility 
of making, in less than one hour, photographs giving monochromatic 
measurements. Electron diffraction has the advantage that the 
apparatus can be used with little change for substances having 
widely different physico-chemical properties. Moreover, it can be 
adapted to the study of vapours at temperatures of the order of 
1000° C., as is necessary for such molecules as S 2 (i34) and the alkali 
halide molecules ( 125 ). On the other hand, quantitative intensity 
measurements are more easily obtained using X-rays than using 
electrons. All processes occurring in X-ray diffraction cells can be 
brought well under control and taken into account in the calcula- 
tions. Again, the X-ray wave-lengths used are natural constants. 
These are considerations of experimental interest. The theoretical 
scope of two methods of diffraction by gases has been fully discussed 
in Chapter x. 



CHAPTER XIII 


MOLECULES STUDIED BY X-RAY DIFFRACTION 

The main problems of molecular structure which can be studied 
by the method of X-ray diffraction by gases have already been 
reviewed in this monograph. A list of the polyatomic molecules for 
which the X-ray scattering functions have been determined is given 
below. These measurements have been made for widely different 
purposes. 

Although the accurate location of the atom centres was not always 
the aim of the investigation — it being even impossible in some cases, 
such as that of the CH 4 molecule — a number of important stereo- 
chemical problems have been studied with success by X-ray 
diffraction. For instance, among the very first molecules to be studied 
were the two 1 .2-dichloroethylenes: it was found that the trans 
form has an appreciably larger Cl-Cl distance than the cis form, as 
was expected. Again, it has been shown in C 6 H 6 , and especially well 
in C 6 Cl r> , that the hexagonal ring is planar. 

The example of CC1 4 shows that a high accuracy is attainable in 
the X-ray measurement of interatomic distances. The CC1 4 molecule 
has become a ‘standard’ molecule for diffraction experiments. The 
numerous investigations, both by X-ray and electron diffraction, 
to which it has been submitted have been reviewed by Debye ( 50 ). 

From the first investigation of the series CC1 4 , CHC1 3 and CH 2 C1 2 , 
it had been concluded that the Cl-Cl distance is larger in this series 
when the number of Cl atoms in the molecule is smaller. Recent 
measurements confirm this result for CC1 4 and CHC1 3 , the Cl-Cl 
distance being 3-5 % larger in the latter molecule. In an X-ray 
investigation of SiHCl 3 , the valency angle itself was measured with 
precision and shown to be definitely larger than the regular tetra- 
hedral angle (Cl-Si-Cl = 111*5° ± 1°). More experimental work is 
needed on such molecules, the structure of which is interesting 
because it gives information about the attraction and repulsion 
forces acting between atoms. The reader is referred to the writer’s 
discussion of this subject ( 144 ) # 
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Table VII gives references to the papers dealing with the X-ray 
scattering functions of gas molecules and with their geometrical 
structures as determined by the X-ray method. Except in a few 
cases, the interatomic distances values are not reproduced, because 
these data would be of little interest if unaccompanied in each case 
by thorough discussion of the accuracy of the measurements and 
comparison with the results of other methods of structure deter- 
mination. Again it must be borne in mind that the determination 
of interatomic distances was by no means the only aim of many 
X-ray investigations. The distances found, especially in older 
investigations, may in some cases suffer from error without the 
investigation losing its value for the specific problem it was designed 
to solve. 

X-ray diffraction by gases until now has remained mostly a 
physicist’s field of investigation. The main types of problem have 
been solved in such a way as to place the method on a sound 
theoretical and experimental basis. And if no extensive study of 
series of molecules has as yet been undertaken — as has been done 
using electron diffraction — this neglect may in part be due to mis- 
understandings which have sometimes arisen about the possibilities 
of the X-ray diffraction method. 



144 MOLECULES STUDIED BY X-RAY DIFFRACTION 


Table VII. Molecules studied by X-ray diffraction 


Molecule 

References (given in chronological 
order) and dimensions 

h 2 

176 

h 2 o 

79, 162 

nh 3 

79, 162 

ch 4 

152, 162 

H a S 

120 

N 2 

44, 175, 79 

o 2 

175, 79 

Cl, 

151, 120, 152 

c 2 h 2 

102 

co 2 

44, 79, 120, 102 

cs, 

44, 79 

n 2 o 

120 

N(CH ,) 3 

152 

CC1 4 

39, 40, 41, 45, 44, 9, 120, 86 , 

58, 140, 87, 50 
(C1-C1 = 2-86 + 0-01 A.) 

CHC1 3 

39, 40, 41, 45, 9, 120, 139 
(Cl-Cl = 2-96 A.) 

CH 2 C1 2 

39, 40, 41, 45, 9, 144 

CH 3 C 1 

39, 40, 45, 9, 144 

SiCl 4 

110, 144 

SiHCl 3 

143, 144, 145 
(Cl-Cl = 3-27 + 0*03 A.; 

Si-Ol = 1-98 + 0-02 A.; 
angle Cl-Si-Cl = 11 H°+l°) 

chci 2 — ch 3 

42, 67 

ch 2 ci— ch 2 ci 

42, 67 

CH a Cl — CHC1 — CH 3 

7 

CH a Cl — CH a — CH 2 C1 

7 

ch 2 ci— ch 2 — ch 2 —ch 2 — ch 2 ci 

7 

CHOI— CHC1 cis 

42, 44, 67 

CHC1—CHC1 trans 

42, 44, 67 

CHgOH 

148 

ch 3 — ch 2 oh 

148 

ch 3 — ch 2 — ch 2 oh 

148 

ch 3 — ch 2 — ch 2 — ch 2 oh 

148 

(CH 3 ) a CHOH 

148 

(CH 3 ) 3 COH 

148 

G ft H« 

113, 155, 162 

C e H 6 Cl 

142, 155 

C 6 H 5 Br 

155 

c«h 5 i 

155 

C 6 H 4 C1 2 ortho 

141, 142, 155 

CgHiClj meta 

141, 155 

C 6 H 4 C1 2 para 

141, 142, 155 

C 6 H 4 Br 2 ortho 

155 

C 6 H 4 Br 2 para 

155 

C 6 H 3 C1 3 1.2.4 

155 

C a Cl 6 

113 
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Table VIII. Atomic scattering factors f 

(After James and Brindley (109). See Chapter i, page 19) 


(sin 16)IX 
A in A. 

0 

0*1 

0*2 

0*3 

' o*4 

0*5 

0*6 

0*7 

0*8 

0*9 

1*0 

1*1 

Remarks 

11 

1*0 

0*81 

0*48 

0*25 

0*13 

007 

004 

003 

0*02 

0*01 

0*00 

0*00 

W 

He 

20 

1*88 

1*46 

105 

0*75 

0*52 

0*35 

0*24 

0*18 

0*14 

0*11 

0*09 

H 

Li f 

2*0 

1*96 

1*8 

1*5 

1*3 

1*0 

0*8 

OO 

0*5 

0*4 

0*3 

0*3 

II 

Li (neul.) 

3*0 

2*2 

1*8 

1*5 

1*3 

1*0 

0*8 

0*6 

0*5 

0*4 

0*3 

0*3 

H 

Be f2 

2*0 

2*0 

1*9 

1*7 

io 

1*1 

1*2 

1*0 

0*9 

0*7 

OO 

0*5 

I 

Be(neut.) 

4*0 

2*9 

1*9 

1*7 

1*6 

1*4 

1*2 

1*0 

0*9 

0*7 

0*6 

0*5 

I 


2*0 

20 

1*9 

1*8 

1*7 

1*6 

1*4 

1*3 

1*2 

1*0 

0*9 

0*7 

I 

11 (neut.) 

5*0 

3*5 

2*4 

1*9 

1*7 

1*5 

1*4 

1*2 

1*2 

1*0 

0*9 

0*7 

1 

C 

6*0 

40 

3*0 

2*2 

1*9 

1*7 

10 

1*4 

1*3 

1*2 

1*0 

0*9 

r 

N+5 

2*0 

2*0 

2*0 

1*9 

1*9 

1*8 

1*7 

1*6 

1*5 

1*4 

1*3 

1*16 

i 

N"* I * 3 

4*0 

3*7 

30 

2*4 

2*0 

1*8 

1*65 

1*55 

1*5 

1*4 

1*3 

1* 15 

i 

N (neut.) 

7*0 

5*8 

4*2 

3*0 

2*3 

1*9 

105 

1*55 

1*5 

1*4 

1*3 

1*15 

i 

0 (neut.) 

8*0 

7*1 

5*3 

3*9 

2*9 

2*2 

1*8 

1*6 

1*5 

1*4 

1*35 

1*25 

H 

o- a 

10*0 

80 

5*5 

3*8 

2-7 

2*1 

1*8 

1-5 

1*5 

1-1 

1*35 

1*25 

I+H 

F " 

10*0 

8*7 

6*7 

4*8 

3*5 

2*8 

2*2 

1*9 

1*7 

1*55 

1*5 

1*35 

H 

F (neut.) 

9*0 

7*8 

6*2 

4*45 

3*35 

2*65 

2*15 

1*9 

1*7 

10 

1*5 

1*35 

II 

Ne 

10*0 

9*3 

7*5 

5*8 

4*4 

3*4 

2*65 

2*2 

1*9 

105 

1*55 

1*5 

I 

Na + 

10*0 

9*5 

8*2 

6*7 

5*25 

4*05 

3*2 

2*65 

2*25 

1*95 

1-75 

1*6 

H 

Na 

11*0 

9*65 

8*2 

0*7 

5*25 

4*05 

3*2 

2*65 

2*25 

1*95 

1-75 

1*6 

il 

Mg+ 2 

10*0 

9*75 

80 

7*25 

505 

4*8 

3*85 

3*15 

2*55 

2*2 

2*0 

1*8 

I 

Mg 

12*0 

10*5 

8*6 

7*22 

5*05 

4-8 

3*85 

3*15 

2*55 

2*2 

20 

1*8 

1 

AL 3 

10*0 

9*7 

8*9 

7*8 

6*65 

5*5 

4*45 

305 

3*1 

2*65 

2*3 

20 

II 

Al 42 

J 1*0 

10*3 

90 

7*75 

6*6 

5*5 

4*5 

3*7 

3*1 

2*65 

2*3 

2*0 

H 

A1+ 

12*0 

10*9 

90 

7*75 

6*6 

5*5 

4*5 

3-7 

3*1 

2*65 

2*3 

2*0 

H 

Al 

13*0 

11*0 

8*95 

7*75 

60 

5*5 

4*5 

3*7 

3-1 

2*65 

2*3 

2*0 

II -hi 

Si 4 4 

10*0 

9* 75 

9*15 

8*25 

7-15 

6*05 1 

505 

4*2 

3*4 

2*95 

2*6 

2*3 

II 

Si +a 

12*0 

11*J 

9*55 

8*2 

7*15 

6*05 

5*05 

4*2 

3*4 

2*95 

2*6 

[2*3 

II |I 

Si 

140 

11*35 

9*4 

8*2 

7-15 

6*1 

5*1 

4*2 

3*4 

2*95 

20 

2*3 

II+T 

p + 5 

10*0 

9*8 

9*25 

8*45 

7*5 

6*55 

5*65 

4*8 

4*05 

3*4 

3*0 

20 

I 

P (neut.) 

150 

12*4 

10*0 

8*45 

1 7*45 

6*5 

5*65 

4*8 

4*05 

3*4 

30 

20 

I 

P 3 

18*0 

12-7 

9*8 

8*4 

7*45 

6*5 

5*65 

4*85 

4*05 

3*4 

30 

2*6 

I 

S (neut.) 

; 16*0 

130 

10*7 

8*95 

7*85 

6*85 

6*0 

5*25 

4*5 

3*9 

3*35 

2*9 

I 


10*0 

9*85 

9*4 

8*7 

7*85 

6*85 

605 

5*25 

4*5 

3*9 

3*35 

2*9 

I 

s- 2 

18*0 

14*3 

10*7 

8*9 

7*85 

6*85 

6*0 

5*25 

1*5 

3*9 

3*35 

2*9 

I 

Cl 

170 

140 

11*3 

9*25 

8*05 

7*25 

6*5 

5*75 

505 

4*4 

3*85 

3*35 

H+I 

ci- 

18*0 

15*2 

11*5 

9*3 

8*05 

7*25 

6*5 

5*75 

5-05 

4*4 

3*85 

3*35 

H 

A 

180 

15*9 

120 

10*4 

8*7 

7*8 

70 

6*2 

5*4 

4*7 

4*1 

30 

I 

K+ 

18*0 

16*5 

13*3 

10*8 

8*85 

7*75 

705 

6*44 

5*9 

5*3 

4*8 

4*2 

H 

Ca^ 

18*0 

16*8 

140 

11-5 

9*3 

8*1 

7*35 

6*7 

6*2 

5*7 

5*1 

40 

H 

Sc+ 3 

18*0 

16*7 

14*0 

11*4 

9*4 

8*3 

70 

6*9 

6*4 

5*8 

5*35 

4*75 

I 

Ti-M 

180 

170 

14-4 

11*9 

9*9 

8*5 

7*85 

7*3 

6*7 

6*15 

5*65 

5*05 

I 

Ti+2 

20*0 

18*7 

15*5 

12*5 

10-1 

8*5 

7*8 

7*25 

6*7 

6*15 

505 

505 

I 

Cu+ 

280 

27*0 

240 

20*7 

17*3 

140 

11*3 

9*4 

80 

7*3 

7*0 

6*7 

I 

Cu + 

280 

26*3 

23*0 

19*2 

15*8 

130 

11*2 

9*7 

8*4 

7*4 

6*7 

6*5 

H(approx.) 

Cu 

290 

25*8 

21*4 

17*8 

15-2 

13*3 

11*7 

10*2 

9*1 

8*1 

7*3 

6*7 

T 

Rb+ 

360 

330 

28*7 

24*6 

21-4 

18*9 

16*7 

140 

12*8 

11-2 

9*9 

8*9 

II 

Kb 

370 

33*4 

28*2 

23*6 

20*4 

17*9 

15-9 

140 

12*4 

11*2 

10*2 

9*9 

T 


I « calculated by method of interpolation. 

H *» calculated from Hartree distribution. 

T —calculated from Thomas model, 

W =*> calculated from hydrogen wave-function (ground state). 
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